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RIEMANNIAN GEOMETRY OF KA¨HLER-EINSTEIN CURRENTS
JIAN SONG
Abstract. We study Riemannian geometry of canonical Ka¨hler-Einstein currents
on projective Calabi-Yau varieties and canonical models of general type with crepant
singularities. We prove that the metric completion of the regular part of such a
canonical current is a compact metric length space homeomorphic to the original
projective variety, with well-defined tangent cones. We also prove a special degener-
ation for Ka¨hler-Einstein manifolds of general type as an approach to establish the
compactification of the moduli space of Ka¨hler-Einstein manifolds of general type. A
number of applications are given for degeneration of Calabi-Yau manifolds and the
Ka¨hler-Ricci flow on smooth minimal models of general type.
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1. Introduction
Recent progress in the study of canonical metrics in Ka¨hler geometry has revealed
deep connections and interplay among nonlinear PDEs, Riemannian geometry and
Research supported in part by National Science Foundation grants DMS-0847524.
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complex algebraic geometry. The Yau-Tian-Donaldson conjecture [56, 48, 14] pre-
dicts the relation between the existence of Ka¨hler-Einstein metrics and the K-stability
for Fano manifolds. The analytic minimal model program with Ricci flow proposed
by the author and Tian [39] connects finite time singularity of the Ka¨hler-Ricci flow
to geometric and birational surgeries, and its long time behavior to the existence
of singular Ka¨hler-Einstein metrics and the abundance conjecture. In particular, it
is proposed by the author [36] that the Ka¨hler-Ricci flow should give a global uni-
formization in terms of Ka¨hler-Einstein metrics for projective varieties as well as a
local uniformization in terms of the transition of shrinking and expanding solitons for
singularities arising simultaneously from the Ka¨hler-Ricci flow and birational transfor-
mation [41, 42, 43, 44, 36].
The theory of Cheeger-Colding plays an important role in the recent fundamental
work of Donaldson and Sun [16] to prove the partial C0-estimate proposed by Tian [46],
for a family of polarized Ka¨hler manifolds with uniform bounds for the volume, diam-
eter and Ricci curvature. More precisely, let K(n, V,H,D) be the set of n-dimensional
polarized Ka¨hler manifolds (X, g) with the Ka¨hler metric g ∈ H1,1(X,R) ∩H2(X,Z)
satisfying
• ∫
X
dVg ≤ V ,
• diamg(X) ≤ D,
• −H ≤ Ric(g) ≤ H.
Then all (X, g) ∈ K(n, V,H,D) can be embedded simultaneously in a fixed large pro-
jective space. Furthermore, if (Xj, gj) ∈ K(n, V,H,D) are Ka¨hler-Einstein manifolds,
then after passing to a subsequence, (Xj, gj) converges in Gromov-Hausdorff topol-
ogy to a compact metric length space homeomorphic to a projective variety with log
terminal singularities, coupled with a canonical singular Ka¨hler-Einstein metric [16].
This compactness result suggests an analytic and Riemannian geometric approach
to construct moduli spaces of Ka¨hler-Einstein manifolds and their compactifications.
There are many important applications. For example, one can apply such a partial
C0-estimate to prove a conjecture Candalas and de la Ossa [5] for geometric transitions
of Calabi-Yau manifolds by combining the results of Rong-Zhang [31].
On the other hand, this a powerful theorem only applies to polarized manifolds with
Ka¨hler metrics in H2(X,Z). In addition, the diameter bound, which is equivalent to a
nonlocal collapsing condition at each point, is usually difficult to verify unless assuming
a nonnegative condition on the Ricci curvature.
Often canonical Ka¨hler-Einstein metrics arise from degeneration of Ka¨hler classes in
H2(X,Q) or more generally in H2(X,R). For example, it is shown in [17] that there
exists a unique Ricci-flat Ka¨hler current in any polarization of a normal projective
variety with log terminal singularities and numerically trivial canonical line bundle.
Also for any minimal model of general type, there exists a unique Ka¨hler-Einstein
current in the canonical class on its unique canonical model [53, 17, 58]. Such Ka¨hler-
Einstein currents are unique and thus canonical, and they have bounded continuous
local potentials and their associated Ka¨hler-Einstein metric is smooth on the regular
part of the underlying variety [17]. Hence the natural question is to ask how such
singular currents give global and local information in terms of both Riemannian and
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algebraic geometry. One would expect, for example, that the metric completion of these
Ka¨hler-Einstein metrics on the regular part of the underlying variety would coincide
with the original algebraic varieties topologically and algebraically, and the tangent
cone at each point is unique and corresponds to the local algebraic affine cone.
One approach to understand Riemannian geometry of such Ka¨hler-Einstein currents
on singular varieties is to study a family of nonsingular curvature equations on the
nonsingular models after resolution of singularities and metric perturbation. Such a
deformation involves with a family of Ka¨hler metrics in H2(X,Q) or even H2(X,R).
Thus we would hope to generalize the work of Donaldson-Sun [16] to Q-polarizations
with certain additional assumptions. We would also like remove the assumption on the
uniform diameter or equivalently a uniform non-collapsing condition in [16] in certain
situation.
In this paper, we make an attempt to apply techniques from pluripotential theory,
nonlinear PDEs, Hormander’s L2 theory and the Cheeger-Colding theory to understand
both local and global geometry of Ka¨hler-Einstein currents on projective varieties
with crepant singularities as well as certain special degeneration of canonical Ka¨hler-
Einstein manifolds. Our goal is to establish the equivalence between the analytic
weak solutions of Ka¨hler-Einstein equations (or degenerate complex Monge-Ampere
equations) and the weak metric limits of Cheeger-Colding theory, and to show that
such weak solutions must be strong solutions whose geometric structure coincides with
their algebraic structure.
The following is our first main result.
Theorem 1.1. Let X be an n-dimensional projective Calabi-Yau variety with crepant
singularities and L→ X an ample Q-line bundle. Then there exists a unique Ricci-flat
current ωKE ∈ c1(L) on X with bounded local potentials satisfying
(1) ωKE is smooth on Xreg and on Xreg,
Ric(gKE) = 0,
where gKE is the Ka¨hler metric associated to ωKE and Xreg is the regular part
of the projective variety X.
(2) (Xˆ, d), the metric completion of (Xreg, gKE), is a compact metrc length space
homeomorphic to X as a projective variety.
(3) Let Xˆ = R ∪ S with R as the regular set of (Xˆ, d) and S as the singular set.
Then R is an open dense convex set of (Xˆ, d) and S is a closed set of Hausdorff
dimension no greater than 2n− 4.
(4) R = Xreg.
The regular set R is the set of all points in (Xˆ, d) whose tangent cones are Euclidean
R2n. We will show that all holomorphic sections of Lk on Xreg continuously extend to
the metric space (Xˆ, d) globally and the linear system |Lk| induces a Lipschitz map
Φ : Xˆ → CPdk
4 JIAN SONG
for some sufficiently large k, where dk+1 = dimH
0(X,Lk). In particular, the image of
Φ is the projective variety X itself and Φ is a homeomorphism (cf. section 3.3 and 3.5).
Here the topology of X is induced from its project embedding in some projective space
with its Fubini-Study metric. We remark that the existence of ωKE in Theorem 1.1 is
due to [17, 58] generalizing Kolodziej’s fundamental work [24] to the degenerate case.
In this special setting of crepant singularities, the same existence result is also derived
in [51, 57] applying the family version of Moser’s iteration due to Yau [54]. Also it is
shown by Rong-Zhang [31] that R = Xreg. Our main contribution is to identify the
compact metric space (Xˆ, d) with the original projective variety X topologically via
the global morphism Φ.
Immediately, we can apply Theorem 1.1 to understand certain degeneration of
Calabi-Yau manifolds studied in [51, 57] and show that such an algebraic degener-
ation coincides with the analytic/geometric degeneration.
Corollary 1.1. Let X be an n-dimensional projective Calabi-Yau manifold. Sup-
pose gt is a family of Ricci-flat Ka¨hler metrics for t ∈ (0, 1] and [gt] converges to a
class α ∈ H1,1(X,Q) associated to a big Cartier Q-divisor. Then (X, gt) converges in
Gromov-Hausdorff topology to a unique projective Calabi-Yau variety (Y, dY ) satisfying
the conclusions of Theorem 1.1.
It is rather easy to guess the limit of such a degeneration, which is the projective
Calabi-Yau variety Y induced from the linear system of |kα| for some sufficiently large
k. It is already shown in [31] that (X, gt) converges to a unique compact metric space
as the metric completion of the smooth Ka¨hler-Einstein metric on the regular part of
Y . Our contribution is to identify algebraic limit Y with the Riemannian geometric
limit of (X, gt).
We can also apply Theorem 1.1 and Corollary 1.1 to prove a conjecture of Candalas
and de la Ossa [5] for smooth flops strengthening earlier results of [32, 31].
Corollary 1.2. Suppose X and X ′ are two n-dimensional smooth projective Calabi-
Yau manifolds related by a flop
(1.1)
X X ′
Y
❅
❅❘f
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣✲
 
 ✠ f ′
Then there exist a family of Ricci-flat metric spaces (Xt, gt) for t ∈ [−1, 1] satisfying
(1) Xt = X for t ∈ [−1, 0) and Xt = X ′ for (0, 1]. gt is a smooth family of
Ricci-flat Ka¨hler metrics on Xt for t ∈ [−1, 1] \ {0},
(2) (X0, g0) is a projective Calabi-Yau variety satisfying the conclusions of Theorem
1.1 with X0 homeomorphic to Y .
(3) (Xt, gt) is a continuous path in Gromov-Hausdorff topology. In particular, gt is
smooth in t except at the singular set of Y .
We remark that the results of [31], combined with [16], settle Candelas and de la
Ossa’s conjecture for geometric transitions of smooth projective Calabi-Yau manifolds.
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Since not all Calabi-Yau varieties with crepant singularities admit a projective smooth-
ing [18, 47], the compactness result of [16] cannot be applied for smooth flops between
projective Calabi-Yau manifolds. A special case of Corollary 1.1 and Corollary 1.2 is
proved by the author for Calabi-Yau conifolds [35].
We would like to obtain an analogue of Theorem 1.1 for canonical models of general
type with crepant singularities. A canonical model of general type is a projective
variety X with log terminal singularities such that the canonical divisor KX is ample.
From the finite generation of canonical rings [3, 34], for any projective variety X of
general type, there exists a minimal model of Xmin birationally equivalent to X , as
well as a unique canonical model Xcan. It is now well-known from [17] that there
exists a unique canonical Ka¨hler-Einstein current with bounded local potentials in the
canonical class on a canonical model of general type with log terminal singularities. In
particular, the canonical model Xcan of a smooth minimal model Xmin of general type
must admit crepant singularities as the pluricanonical map
π : Xmin → Xcan
is a crepant resolution of Xcan. Conversely, any canonical model of general type with
crepant singularities can be derived by the contraction of a smooth minimal model.
The following theorem aimes to understand the global geometry of the Ka¨hler-Einstein
current on canonical models of general type with crepant singularities.
Theorem 1.2. Let X be an n-dimensional normal projective variety with crepant
singularities and ample canonical divisor KX . Then there exists a unique Ka¨hler-
Einstein current ωKE ∈ −c1(X) on X with bounded local potentials satisfying
(1) ωKE ∈ C∞(Xreg) and its associated Ka¨hler metric gKE on Xreg satisfies
Ric(gKE) = −gKE.
(2) (Xˆ, d), the metric completion of (Xreg, g), is a compact metric length space
homeomorphic to X as a projective variety.
(3) Let Xˆ = R ∪ S with R as the regular set of (Xˆ, d) and S as the singular set.
Then R is an open dense convex set of (Xˆ, d) and S is a closed set of Hausdorff
dimension no greater than 2n− 4.
(4) R = Xreg.
The existence of ωKE is due to [53, 17, 58]. The proof of Theorem 1.2 follows the
spirit of Theorem 1.1. However, the main difficulty is that a priori, one does not
have a uniform diameter bound, unlike the case of Theorem 1.1, where a uniform
diameter bound can be achieved from Yau’s volume comparison [33]. One of our main
contribution is to establish a uniform diameter bound, for the limiting metric space
constructed by Tian and Wang [50]. To achieve this, we have to apply the proof of
Theorem 1.1 in a local setting and apply an analogue of quantitative metric estimate
developed by the author and Weinkove in [41, 42, 43] through algebraic blow-ups at
the singular set.
We can immediately apply Theorem 1.2 to the Ka¨hler-Ricci flow on smooth minimal
models of general type.
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Corollary 1.3. Let X be a smooth minimal model of general type and let π : X → Xcan
be the unique birational morphism from X to its canonical model Xcan induced by the
pluricanonical system of X. Then the normalized Ka¨hler-Ricci flow
∂g
∂t
= −Ric(g)− g, g(0) = g0
for any smooth initial Ka¨hler metric g0, admits a smooth solution g(t) for t ∈ [0,∞)
and g(t) converges smoothly to a Ka¨hler metric g∞ on X\E, where E is the exceptional
locus of π. In particular, (Xˆ, d), the metric completion of (X \ E, g∞) is a singular
Ka¨hler-Einstein metric length space homeomorphic to the canonical Xcan.
We remark that the long time existence and local smooth convergence is due to Tsuji
[53]. Also (Xˆ, d) satisfies all the conclusions in Theorem 1.2.
There are various possible generalizations of Theorem 1.1 and Theorem 1.2. For
example, one can consider the twisted Ka¨hler-Einstein equation
Ric(ω) = λω + α
on a projective variety X , where α is nonnegative smooth closed (1, 1)-form or or
a current induced by a collection of effective prime divisors with coefficient in (0, 1)
and simple normal crossings. More interestingly, Theorem 1.2 should be generalized
to log canonical pairs as discussed in section 4.6. Another important direction is to
study the Riemannian geometry of the metric spaces arising from a collapsing family
of Calabi-Yau manifolds studied in [37, 52] or the canonical models of non-general type
minimal models [37, 38]. The gradient estimates derived in section 3.2 and section 4.1
can be generalized in a very flexible way, especially for those complex Monge-Ampere
equations whose corresponding curvature equation satisfies a Ricci lower bound. We
expect such gradient estimates to hold for those twisted Ka¨hler-Einstein metrics on
canonical models of non-general type and the projective collapsing limit of Calabi-Yau
manifolds. Theorem 1.2 can have other applications such as understanding the equality
case of the Chern number inequality for general type varieties with mild singularities
as suggested in [50].
Now we consider a different degeneration of Ka¨hler-Einstein metrics in relation to
the compactification of the moduli space of semi-log canonical models in algebraic
geometry. We consider a flat projective family of canonical models
π : X → B,
where B is an open disc in C and Xt = π
−1(t) is an n-dimensional smooth projective
manifold with c1(X) < 0 for t ∈ B∗. We assume that X has at worst canonical
singularities, the central fibre X0 has only one component with multiplicity one, and
X0 is a normal canonical model with log canonical singularities. Furthermore, we
assume that the relative canonical sheaf KX/B is ample with
KX/B|Xt = KXt
for all t ∈ B. We write Slc to be the singular set of points whose discrepancy is −1
(c.f. Definition 5.1).
Then we have the following theorem.
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Theorem 1.3. Let X → B be the above flat family of n-dimensional polarized canon-
ical models. Suppose that for any k ∈ Z+, R > 0 and any smooth holomorphic section
η ∈ H0(X , (KX/B)k),
sup
t∈B∗
∫
Bgt (pt,R)
|η|Xt|2/k <∞,
where pt ∈ Xt is a continuous family of points in X with p0 ∈ (X0)reg, gt ∈ −c1(Xt)
is the unique Ka¨hler-Einstein metric on Xt and Bgt(pt, R) is the geodesic ball in Xt of
radius R centered at pt. Then the following hold.
(1) There exists a unique Ka¨hler-Einstein current ω0 ∈ c1(X0) satisfying
(a) ω0 is smooth on (X0)reg,
(b) the local potential of ω0 is bounded on X0 \ Slc and tends to −∞ along Slc
if Slc 6= φ,
(c)
∫
(X0)reg
ωn0 = (−c1(X0))n.
(2) The metric completion (Xˆ, d) of ((X0)reg, ω0) is either a compact metric length
space homeomorphic to X0 if Slc = φ or a metric length space of infinite diam-
eter homeomorphic to X0 \ Slc if Slc 6= φ.
(3) Xˆ = R ∪ S with R being the regular set and S the singular set. Then R =
(X0)reg is an open dense convex set and S is a closed set of Hausdorff dimension
no greater than 2n− 4.
(4) (Xt, gt) converges to (Xˆ, d) in Gromov-Hausdorff topology as t→ 0, where gt ∈
c1(Xt) is the unique Ka¨hler-Einstein metric on Xt for t ∈ B∗. In particular,
the convergence is smooth in R.
In particular, if for any k and η ∈ H0(X , (KX/B)k), supt∈B∗
∫
Xt
|η|Xt |2/k <∞, then
X0 is log terminal and Slc = φ.
The additional assumption on the integrability of holomorphic sections η ∈ H0(X , (KX/B)k)
should be removed. In particular, whenX0 is log terminal, the argument of Gross in [31]
(Theorem B.1 (ii)) might be applied. This assumption might also be replaced by a more
reasonable and pure algebraic assumption for holomorphic sections in H0(X0, (KX0)
k)
vanishing along Slc and their extension to X . This will be studied in the sequel work.
Recent progress in algebraic geometry has established the compactification of semi-
log canonical models [23]. Theorem 1.3 gives evidence that the moduli space of canoni-
cally polarized varieties is equivalent to the moduli space of Kaher-Einstein manifolds,
as well as their algebraic and geometric compactifications. The proof of Theorem 1.3
can be adapted to more general central fibres with semi-log canonical singularities
which correspond to a ’complete end’ of the singular Ka¨hler-Einstein metrics along
the divisor. We also hope in the future study to obtain a compactness theorem for all
smooth canonical models with uniform volume upper bound and identify any (pointed)
Gromov-Hausdorff limit with a (quasi) projective variety.
Finally, we would remark that in the case of global canonical Ka¨hler-Einstein cur-
rents studied in the paper, we have essentially established the following principle
local potential ∈ L∞loc ⇐⇒ finite distance.
8 JIAN SONG
The above observation is certainly not true in general, for example, on the pseudo-
convex domains.
2. Preliminaries
In this section, we will recall some basic definitions and notations .
Definition 2.1. Let X be a normal projective variety X. If KX is a Cartier Q-divisor
and if π : X˜ → X is a resolution of X, then there exist ai ∈ Q with
KX˜ = π
∗KX +
∑
i
aiEi,
where Ei ranges over all exceptional prime divisors of π. X is said to have terminal
singularities (canonical singularities, log terminal singularities, log canonical), if all
ai > 0 ( ai ≥ 0, ai > −1, ai ≥ −1). In particular, X is said to have crepant
singularities if
KX˜ = π
∗KX ,
and π is called a crepant resolution of X.
Example 2.1. All surface A-D-E singularities are crepant singularities and there
exists a unique crepant resolution for such singularities.
Example 2.2. Let E = OCP1(−1)⊕OCP1(−1). The zero section of E is a holomorphic
S2 with negative normal bundle. Then there exists a morphism π : E → Eˆ by con-
tracting the zero section of E, where Eˆ is an affine cone over CP1×CP1. The isolated
singularity from the contraction of such a holomorphic S2 is a crepant singularity and
π is a crepant resolution of Eˆ.
Crepant singularities must have at worst canonical singularities by definition and
conifold singularities are crepant and terminal singularities.
Definition 2.2. Let L → X be a holomorphic line bundle over a normal projective
variety X. L is said to be semi-ample if the linear system |Lk| is base point free for
some k ∈ Z+. L is said to be big if the Iitaka dimension of L is equal to the dimension
of X.
We can define the semi-group
(2.2) F(X,L) = {k ∈ Z+ | Lk is base point free}.
For any k ∈ F(X,L), the linear system |Lk| induces a morphism
Φk = Φ|Lk| : X → Xk ⊂ CPdk ,
where dk + 1 = dimH
0(X,Lk) and Xk = Φk(X). It is well-known [26] that for
sufficiently large k, l ∈ F(X,L),
π∗OX = OXk
and
Φk = Φl, Xk = Xl.
Now we can define projective Calabi-Yau varieties.
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Definition 2.3. A projective Calabi-Yau variety X is a normal projective variety with
canonical singularities and numerically trivial canonical divisor KX .
The following Theorem is a consequence of Kawamata’s base point free theorem [22].
Proposition 2.1. Let L→ X be a holomorphic line bundle over a projective Calabi-
Yau variety X. If L is big and nef, it must be semi-ample.
Corollary 2.1. Suppose L is a big and nef line bundle over a projective Calabi-Yau
manifold X. Then the linear system |Lk| induces a unique surjective birational mor-
phism
Φ : X → Y
for sufficiently large k ∈ F(X,L) such that Y is a projective Calabi-Yau variety with
crepant singularities.
Example 2.3. Let Y be the hypersurface in CP4 defined by
z3g(z0, ..., z4) + z4h(z0, ..., z4) = 0
with generic homogeneous polynomials g, h of degree 4 in [z0, z1, ..., z4] ∈ CP4. The
singular locus of Y is given by {z3 = z4 = g(z) = h(z) = 0}, which consists of 16
ordinary double points. The small resolution of the singularities of Y gives rise to a
smooth Calabi-Yau threefold X and Y can also be smoothed to generic smooth quintic
threefolds in CP4.
All projective Calabi-Yau varieties with conifiold singularities admit a crepant reso-
lution, although crepant resolutions are not necessarily unique and they are related by
flops. Yau’s celebrated solution [54] to the Calabi conjecture [4] says that in any Ka¨hler
class of a Calabi-Yau manifold, there exists a unique smooth Ricci-flat Ka¨hler metric.
The following theorem due to [17] is a generalization of Yau’s theorem to projective
Calabi-Yau varieties.
Theorem 2.1. Let L → X be an ample line bundle over a projective Calabi-Yau
variety X of dimX = n. Then there exists a unique Ricci-flat Ka¨hler current ω ∈ c1(L)
satisfying
(1) ω has bounded local potentials, i.e., for any point p ∈ X, there exists an open
neighborhood U of p such that ω =
√−1∂∂ϕ for some ϕ ∈ PSH(U) ∩ L∞(U),
(2) ω is smooth on Xreg, the regular part of X,
(3) Ric(ω) = 0 on X.
The Kodaira dimension of projective Calabi-Yau varieties is 0. We now define min-
imal and canonical models of general type whose Kodaira dimension is equal to the
complex dimension. We also remark that all line bundles considered in the paper are
Q-line bundles.
Definition 2.4. A minimal model of general type is a normal projective variety whose
canonical line bundle is big and nef. A canonical model of general type is a normal
projective variety whose canonical line bundle is ample.
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If X is a smooth minimal model of general type, then Kawamata’s base point free
theorem implies that KX is semi-ample. Therefore the pluricanonical system induces
a birational morphism
π : X → Xcan
from X to its unique canonical model Xcan. In particular, Xcan has crepant singu-
larities. The following existence of a canonical Ka¨hler-Einstein current on canonical
models is due to [17, 58].
Theorem 2.2. Let X be a canonical model of general type with log terminal singu-
larities. Then there exists a unique Ka¨hler current ωKE ∈ c1(X) with bounded local
potential and smooth on Xreg, the regular part, such that
Ric(ωKE) = −
√−1∂∂ log(ωnKE) = −ωKE
in distribution.
In fact, the current ωKE can also be considered as a Ka¨hler-Einstein current on Xcan,
the canonical model of X , after push-forward.
3. Projective Calabi-Yau varieties with crepant singularities
In this section, we will prove Theorem 1.1. Throughout the section, we assume that
X is an n-dimensional normal projective Calabi-Yau variety with crepant singularities
and L→ X is an ample Q-line bundle over X . We let
π : X ′ → X
be a crepant resolution of X and L′ = π∗L. We also denote the smooth and singular
part of X by Xreg and Xsing. In particular, Xsing is an analytic subvariety of X of
complex codimension at least 2.
It is shown in [17] that there exists a unique Ricci-flat Ka¨hler current in c1(L) with
bounded local potential.
Let A be an arbitrary ample line bundle on X ′. Since X ′ is a Calabi-Yau manifold,
there exists a smooth volume form Ω′ on X ′satisfying
√−1∂∂ log Ω′ = 0,
∫
X′
Ω′ = [L′]n.
Obviously, Ω′ = π∗Ω for some smooth Calabi-Yau volume form on X ′. We can choose
χ′ = π∗χ ∈ c1(L′) be the Fubini-Study metric induced by an projective embedding
from the linear system of Lk for some sufficiently large k ∈ F(X,L). We also choose
ωA ∈ [A] a fixed smooth Ka¨hler metric on X ′. We then consider the following Monge-
Ampere equation
(3.3) (χ+ e−tωA +
√−1∂∂ϕt)n = ectΩ,
∫
X′
ϕtdgt = 0 , t ∈ [0,∞),
where gt is the Ka¨hler metric associated to the Ka¨hler form ωt = χ+e
−tωA+
√−1∂∂ϕt,
ct is normalization constant satisfying e
ct [L′]n = [L′ + e−tA]n. It is straightforward to
see that ct = O(e
−t) for sufficiently large t.
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Equation (3.3) is solvable for all t ∈ [0,∞) by Yau’s solution [54] to the Calabi
conjecture and gt is a smooth Ricci-flat Ka¨hler metric
Ric(gt) = 0.
Proposition 3.1. Let ϕt be the solution of equation (3.3). There exists C > 0 such
that for all t ∈ [0,∞),
(3.4) ||ϕt||L∞(X′) ≤ C,
(3.5) ωt ≥ C−1χ′,
(3.6) diamgt(X
′) ≤ C,
where diamgt(X
′) is the diameter of (X ′, gt). Let E be the exceptional locus of the
crepant resolution π, i.e., E = π−1(Xsing). Then for any k > 0 and K ⊂⊂ X ′ \ E,
there exists Ck,K > 0 such that for all t ∈ [0,∞)
(3.7) ||ϕt||Ck(K) ≤ Ck,K .
Proof. The C0 estimate (3.4) follows from a general result in [17, 58] and in fact it
is shown that it can also be directly obtained by Moser’s iteration [51, 57] instead of
pluripotential theory. The estimate (3.5) follows from a Schwarz type estimate [37].
The diameter bound is independently derived in [51, 57] by directly applying Yau’s
volume growth for Ricci-flat manifolds [33]. The estimate (3.7) is well-known by a
uniform second order estimate for ϕt using Tsuji’s trick [53] and then standard local
higher order estimates [28].

By letting t→∞, we immediately derive the following corollary.
Corollary 3.1. Let Xreg be the regular part of X. There exists a unique solution
ϕ∞ ∈ PSH(X,χ) ∩ L∞(X) ∩ C∞(Xreg) solving the equation
(3.8) (χ+
√−1∂∂ϕ∞)n = Ω.
Therefore the Ka¨hler form ω∞ = χ+
√−1∂∂ϕ∞ is the unique Ricci-flat Ka¨hler current
in c1(L) with bounded local potential. We let g∞ be the smooth Ka¨hler metric associated
to ω∞ on Xreg.
In particular, ϕ∞ is the point-wise limit of ϕt as t→∞ by the uniqueness. A natural
question is what can be said about the metric completion of (Xreg, g∞) and how it is
related to the original Calabi-Yau variety X .
3.1. A gradient estimate. We will obtain a uniform bound for |∇ϕ∞|g∞ for the
solution ϕ∞ with respect to g∞ in Corollary 3.1. For complex Monge-Ampere equations
with degenerate or singular data, Holder estimates are of much interest with various
applications. Usually such estimates are measured by a fixed background metric,
however, in many geometric setting, one should instead treat the gradient estimates
intrinsically using the metric induced from the solution.
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Lemma 3.1. Let ϕt be the solution of equation (3.3). Then ϕt is smooth in t for all
t ∈ [0,∞) and
(3.9)
∫
X′
ϕ˙tdVgt = 0,
where ϕ˙t =
∂ϕt
∂t
and dVgt = (ωt)
n = ectΩ′.
Proof. The smoothness of ϕt in X
′× [0,∞) follows from the implicit function theorem
and ∫
X′
ϕ˙tdVgt =
∂
∂t
∫
X′
ϕtdVgt − c˙t
∫
X′
ϕtdVgt = 0.

Lemma 3.2. There exists C > 0 such that for all t ∈ [0,∞)
ϕ˙t ≤ C.
Proof. Let Vt =
∫
X′
ωnt . Note that c˙t is uniformly bounded and so there exists C > 0
such that
∆tϕ˙t = e
−ttrωt(ωA) + c˙t ≥ −C.
The Green’s function Gt for (X
′, gt) is uniformly bounded below for t ∈ [0,∞) because
the diameter and volume of (X, gt) are both uniformly bounded from above and below.
Therefore
ϕ˙t =
1
Vt
∫
X′
Gt(x, y)(−∆tϕ˙t)dVgt +
1
Vt
∫
X′
ϕ˙tdVgt
=
1
Vt
∫
X′
(Gt(x, y) + A)(−∆tϕ˙t)dVgt
≤ CA,
where Gt is bounded below by −A for some fixed constant A > 0 and ∆t is the Laplace
operator with respect to gt.

The following Schwarz type lemma can be derived by the same calculations in [37]
because Ric(gt) = 0 and ϕt is uniformly bounded in L
∞(X).
Lemma 3.3. There exists C > 0 such that for all t ∈ [0,∞),
(3.10) ∆t trωt(χ
′) ≥ −Ctrωt(χ′)2 + |∇ttrωt(χ′)|2.
We define
u = ϕt + ϕ˙t.
Straightforward calculations show that
(3.11) ∆t u = n− trωt(χ′ + e−tωA − e−tωA) + c˙t = −trωt(χ′) + n+ c˙t,
(3.12) ∆t(|∇tu|2) = |∇t∇tu|2 + |∇t∇tu|2 − 2Re
(∇t u · ∇t trωt(χ′)) .
Lemma 3.4. There exists C > 0 such that for all t ∈ [0,∞)
|u|L∞(X′) ≤ C.
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Proof. Obviously u is uniformly bounded above from the uniform bounds of ϕt and ϕ˙t.
From estimate (3.11), there exists C > 0 such that ∆tu ≤ C. We then have
u =
1
Vt
∫
X′
Gt(x, y)(−∆tu)dVgt +
1
Vt
∫
X′
udVgt
=
1
Vt
∫
X′
(Gt(x, y) + A)(−∆tu)dVgt
≥ −CA.

The following lemma follows from straightforward linear estimates for the equation
of u and local regularity of ϕt.
Lemma 3.5. For any K ⊂⊂ Xreg and k > 0, there exists Ck,K > 0 such that for all
t ∈ [0,∞),
|u|Ck(K) ≤ Ck,K.
Corollary 3.2. ϕ˙t converges to 0 in C
∞(Xreg) as t→∞.
Proof. Using integration by parts, we have for some C > 0∫
X′
|∇tϕ˙t|2dVgt = −
∫
X′
e−tϕ˙tχ′ ∧ ωn−1t + c˙tVt ≤ Ce−t.
By Lemma 3.5, ϕ˙ converges in C∞(Xreg) after passing to any convergent subsequence
to a solution ψ ∈ C∞(Xreg) satisfying ∇∞ψ = 0, where ∇∞ is the covariant derivative
with respect to the limiting metric g∞ on Xreg as in Corollary 3.1. Therefore ψ = 0
since
∫
X′
ψdVg∞ = limt→∞
∫
X′
ϕ˙dVgt = 0, where dVg∞ = (ω∞)
n.

Lemma 3.6. There exist A,C > 0 such that for all t ≥ 0, we have on X ′
(3.13) |∇tu|2 ≤ C(A− u).
Proof. We choose A > 0 such that A− u ≥ A/2. Then for sufficiently large A,
∆t
( |∇tu|2
A− u
)
≥ |∇t∇tu|
2 + |∇t∇tu|2 − 2Re∇tu · ∇t(trωt(χ′))
A− u +
2Re∇tu · ∇t|∇tu|2
(A− u)2 +
2|∇tu|4
(A− u)3
+
|∇tu|2(−trωt(χ′) + n + c˙t)
(A− u)2
≥ 2|∇tu|
4
(A− u)3 −
|∇tu|2
(A− u)2 −
2Re(∇tu · ∇ttrωt(χ′))
A− u − C
holds on X ′ × [0,∞) for some uniform constant C > 0. We let
H =
|∇tu|2
A− u + trωt(χ
′).
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Then we immediately have
∆tH ≥ 2|∇tu|
4
(A− u)3 −
3|∇tu|2
(A− u)2 − C
for some fixed constant C > 0 if we choose A sufficiently large. By applying the
maximum principle, H is uniformly bounded for all t ∈ [0,∞) as trωt(χ′) is uniformly
bounded. Then the estimate (3.13) immediately follows.

The following proposition is the main result of this section.
Proposition 3.2. Let ϕ∞ be the solution in Corollary 3.1. There exists C > 0 such
that
(3.14) sup
X′\E
|∇g∞ϕ∞| ≤ C.
Proof. ϕt is uniformly bounded in L
∞(X ′) and in local C∞(X ′ \ E). In particular, ϕ˙t
converges to 0 in C∞(X ′ \ E) by Corollary 3.2. Let u∞ = limt→∞ u. Then u∞ = ϕ∞
and immediately from Lemma 3.6
|∇g∞ϕ∞|2 ≤ C(A− ϕ∞) ≤ C ′
uniformly on Xreg for some fixed constant C and C
′.

3.2. L2-estimates. In this section, we will derive various L2-estimates for global sec-
tions in H0(X,Lk). We first construct a family of cut-off functions along analytic
subvarieties. We learn such a construction from J. Sturm [45].
Lemma 3.7. Let Y be a normal projective variety and Z be a subvariety of Y such
that Y \Z is smooth. Suppose ω is a Ka¨hler current on Y with bounded local potentials.
Then for any ǫ > 0 and K ⊂⊂ Y \ Z, there exists ρǫ ∈ C∞(Y \ Z) such that
(1) 0 ≤ ρǫ ≤ 1,
(2) Suppρǫ ⊂⊂ Y \ Z,
(3) ρǫ = 1 on K,
(4)
∫
Y
|∇ρǫ|2ωn =
∫
Yreg
√−1∂ρǫ ∧ ∂ρǫ ∧ ωn−1 < ǫ.
Proof. It suffices to prove for the case when Y is smooth and Z = D is a union of
smooth divisors, after possible blow-ups. Let s be the defining section for D and h
be a smooth hermitian metric on the line bundle associated to [D]. Without loss of
generality, we can assume that |s|2h ≤ 1. Let θ be a Ka¨hler metric on Y such that
θ > Ric(h) and [θ] ≥ [ω]. Let F be the standard smooth cut-off function on [0,∞)
with F = 1 on [0, 1/2] and F = 0 on [1,∞). We then let
ηǫ = max(log |s|2h, log ǫ).
For sufficiently small ǫ, we have − log ǫ ≤ ηǫ ≤ 0. Then obviously, ηǫ ∈ PSH(Y, θ) ∩
C0(Y ). Now we let
ρǫ = F
(
ηǫ
log ǫ
)
.
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Then ρǫ = 1 on K if ǫ is sufficiently small. Straightforward calculations give∫
Y
√−1∂ρǫ ∧ ∂ρǫ ∧ ωn−1
= (log ǫ)−2
∫
Y
(F ′)2
√−1∂ηǫ ∧ ∂ηǫ ∧ ωn−1
≤ C(log ǫ)−2
∫
Y
(−ηǫ)
√−1∂∂ηǫ ∧ ωn−1
≤ C(log ǫ)−2
∫
Y
(−ηǫ)(θ +
√−1∂∂ηǫ) ∧ ωn−1 + C(log ǫ)−2
∫
Y
ηǫ θ ∧ ωn−1
≤ C(− log ǫ)−1
∫
Y
(θ +
√−1∂∂ηǫ) ∧ ωn−1
≤ C(− log ǫ)−1[θ]n → 0
as ǫ→ 0. Therefore we obtain ρǫ ∈ C0(Y ) satisfying the conditions in the lemma. The
lemma is then proved by smoothing ρǫ on Supp ρǫ \K.

The rest of the section aims to derive various L2-estimates for holomorphic sections.
The difference between our calculations and the standard ones from [46, 16] is that
we directly obtain such estimates on the limiting singular variety instead of the ap-
proximating manifolds. First, we abuse the notation by identifying ϕ∞ the solution of
Corollary 3.1 on X and π−1(ϕ∞) on X ′. Let hFS be the smooth fixed hermitian metric
on L induced from some embedding of Lk for some k >> 1 such that Ric(hFS) = χ.
We define the singular hermitian metric h∞ and h′∞ on L and L
′ by
h∞ = e−ϕ∞hFS, h′∞ = π
∗h∞.
Obviously, Ric(h∞) = ω∞. Without confusion, we identify the above quantities on
(X,L) and (X ′, L′).
The following two lemmas follow immediately from the uniform bound on ϕ∞.
Lemma 3.8. For any k ∈ F(X,L) and a basis {sj}dk+1j=1 of H0(X,Lk), there exists
ǫ > 0 such that
(3.15) inf
z∈Xreg
sup
j=1,...,dk+1
|sj(z)|2hk
∞
≥ ǫ.
Proof. This immediately follows from the choice of k so that Lk is globally generated
and the fact that ϕ∞ is uniformly bounded in L∞(X).

By the boundedness of ϕ∞, we have the following lemma.
Lemma 3.9. For any s ∈ H0(X,Lk), there exists Ck,s > 0 such that
sup
X
|s|2hk
∞
≤ Ck,s.
We define the scaled norm || · ||L∞,♯ and || · ||L2,♯ for s ∈ H0(X,Lk) with respect to
the hermitian metric hk∞ and kg∞.
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Proposition 3.3. There exists K > 0 such that if s ∈ H0(X,Lk) for k ≥ 1, then
(3.16) ‖s‖L∞,♯ ≤ K‖s‖L2,♯ .
Proof. We break the proof into the following steps.
(1) We write |∇s| = |∇s|hk
∞
,kg∞ and |s| = |s|hk∞ for simplicity. Straightforward
local calculations show that on Xreg
∆|s| ≥ −|s|,
where ∆ is the Laplacian operator with respect to kg∞. We can lift s and other
quantities from X to X ′. Then for any p ∈ Z+,∫
X′
ρ2ǫ |s|p∆(−|s|)dVkg∞ ≤
∫
X′
|s|p+1dVkg∞,
where ρǫ is constructed from Lemma 3.7 for Y = X
′ and Z = E. Also∫
X′
ρ2ǫ |s|p∆(−|s|)dVkg∞
=
4p
(p+ 1)2
∫
X′
ρ2ǫ |∇(|s|(p+1)/2)|2dVkg∞ − 2
∫
X′
|s|pρǫ∇ρǫ · ∇|s|dVkg∞
≥ 4p
(p+ 1)2
∫
X′
ρ2ǫ |∇(|s|(p+1)/2|2dVkg∞
+2(Ak)
(p+1)/2
(∫
X′
|∇ρǫ|2
)1/2(∫
X′
ρ2ǫ
∣∣∇|s|(p+1)/2∣∣2)1/2 dVkg∞,
where Ak = supXreg |s| <∞. Let ǫ→ 0, we have∫
X′
|∇|s|(p+1)/2|2dVkg∞ ≤ p
∫
X′
|s|p+1dVkg∞.
(2) We would like to prove a Sobolev type inequality for g∞.
Claim 3.1. There exists K > 0 such that for all f ∈ L∞(X ′) ∩ L1,2(X ′, kω∞).
||∇f ||L2(X′,kω∞) ≥ CS||f ||L 2nn−1 (X′,kω∞) − ||f ||L2(X′,kω∞).
Proof. First we define fǫ = ρǫf , where ρǫ is constructed from Lemma 3.7 for
Y = X ′ and Z = E. Then for fixed ǫ > 0,
||∇gtfǫ||L2(X′,kωt) → ||∇fǫ||L2(X′,kω∞).
as t → ∞ by Proposition 3.1. The Sobolve constant is uniformly bounded
for (X ′, gt) because of the uniform bound on the Ricci curvature, volume and
diameter of (X, gt). Thus the Sobolev constant is also uniformly bounded for
(X ′, kgt) k = 1, 2, ... and so there exists K > 0 such that for all t,
||∇gtfǫ||L2(X′,kωt) ≥ CS||fǫ||L2n/(n−1)(X′,kωt) − ||fǫ||L2(X′,kωt).
By letting t→∞, we have
||∇fǫ||L2(X′,kω∞) ≥ CS||fǫ||L2n/(n−1)(X′,kω∞) − ||fǫ||L2(X′,kω∞).
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Notice that by letting ǫ→ 0, we have
||fǫ||L2n/(n−1)(X′,kω∞) → ||f ||L2n/(n−1(X′,kω∞), ||fǫ||L2(X′,kω∞) → ||f ||L2(X′,kω∞).
It now suffices to show that ||∇fǫ||L2(X′,kω) → ||∇f ||L2(X′,kω) as ǫ→ 0. This
follows from the following calculations.∣∣∣∣
∫
X′
|∇f |2dVkg∞ −
∫
X′
|∇fǫ|2dVkg∞
∣∣∣∣
=
∣∣∣∣
∫
X′
|∇f |2dVkg∞ −
∫
X′
|ρǫ∇f + f∇ρǫ|2dVkg∞
∣∣∣∣
≤
∫
X′
(1− ρ2ǫ)|∇f |2dVkg∞ +
∫
X′
f 2|∇ρǫ|2dVkg∞ → 0
since f is bounded.

(3) Now we can apply the standard Moser’s iteration and complete the proof of
the lemma.

The following lemma gives a point-wise bound for the gradient of s ∈ H0(X,Lk).
Lemma 3.10. For any s ∈ H0(X,Lk), there exists Ck > 0 such that
sup
Xreg
|∇s|2hk
∞
,g∞
≤ Ck.
Proof. Since h∞ = e−ϕ∞hFS, we have
∇s = ∂s + ks ∂ϕ∞ − ks ∂ log hFS.
This implies that
|∇s|hk
∞
,g∞ ≤ |∇hkFSs|hk∞,g∞ + k|s|hk∞|∇ϕ∞|g∞
≤ C|∇(hFS)ks|(hFS)k ,gFS + k|s|hk∞|∇ϕ∞|g∞
for some C > 0, where gFS is the metric associated to the Ka¨hler form χ. The last
inequality follows from the estimate
ω∞ ≥ C−1χ
on Xreg for some uniform C > 0 by applying the estimate (3.5) in Proposition 3.1 and
by letting t→∞.
Since s is the restriction of a hyperplane section on CPdk , ∇hkFSs = (∇˜hkFSs)|X is the
restriction of the Lk-valued one form on CPdk to X , where ∇˜hFS is the connection of
hkFS on the hyperplane bundle of CP
dk . Hence |∇hkFSs|(hFS)k,gFS is bounded after being
restricted from CPdk to X . On the other hand, from the gradient estimate for ϕ∞ in
Proposition 3.2 and Lemma 3.9, |s|hk
∞
|∇ϕ∞|g∞ is also bounded. This completes the
proof of the lemma.

We now prove a uniform version for Lemma 3.10.
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Proposition 3.4. There exists K > 0 such that if s ∈ H0(X,Lk) for k ≥ 1, then
‖∇s‖L∞,♯ ≤ K‖s‖L2,♯
Proof. We break the proof into the following steps.
(1) By straightforward calculations, we have
∆|∇s|2 = |∇∇s|2 − 2|∇s|2 + n|s|2(3.17)
∆|∇s| = −|∇s|+ n
2
|s|2
|∇s| +
|∇∇s|2
2|∇s| −
|∇|∇s|2|2
4|∇s|3 ,
where we write |∇s| = |∇s|hk
∞
,kg∞ and |s| = |s|hk∞ for simplicity. On the other
hand, we have the following inequality
|∇|∇s|2|2 = gkℓ¯gij¯gpq¯(∇i∇ks∇q¯∇ℓ¯s¯∇ps∇j¯ s¯+ gpℓ¯∇i∇ks∇j¯∇q¯s¯
+gkj¯∇q¯∇ℓ¯s¯∇is∇ps+ gkj¯gpℓ¯|s|2∇is∇q¯s)
≤ |∇∇s|2|∇s|2 + 2|s||∇s|2|∇∇s|+ |s|2|∇s|2,(3.18)
where we write g = g∞ for simplicity. Using this inequality, we obtain
∆|∇s| ≥ −1
2
|∇s|.
(2) Integration by parts gives
1
2
∫
X′
(ρǫ)
2|∇s|p+1dVkg∞
≥
∫
X′
(ρǫ)
2|∇s|p∆(−|∇s|)dVkg∞
=
4p
(p+ 1)2
∫
X′
(ρǫ)
2|∇(|∇s|(p+1)/2)|2dVkg∞ − 2
∫
X′
|s|pρǫ∇ρǫ · ∇|∇s|dVkg∞
≥ 4p
(p+ 1)2
∫
X′
(ρǫ)
2|∇(|∇s|(p+1)/2)|2dVkg∞
−(Ak)(p+1)/2
(∫
X′
|∇ρǫ|2dVkg∞
)1/2(∫
X′
(ρǫ)
2
∣∣∇|∇s|(p+1)/2)∣∣2 dVkg∞
)1/2
,
where Ak = supXreg |s| <∞ and ρǫ is constructed from Lemma 3.7 for Y = X ′
and Z = E. Since
∫
X′
|∇ρǫ|2dVkg∞ → 0 as ǫ→ 0, we have∫
X′
|∇|∇s|(p+1)/2|2dVkg∞ ≤ p
∫
X′
|∇s|p+1dVkg∞
after letting ǫ→ 0.
(3) Since |∇s|2 is bounded, by the same argument using the cut-off function, we
can apply Moser’s iteration to the following estimates∫
X′
|∇|∇s|(p+1)/2|2dVkg∞ ≤ p
∫
X′
|∇s|p+1dVkg∞
||∇|∇s|(p+1)/2||L2,♯ ≥ CS|||∇s|(p+1)/2||L2n/(n−1),♯ − |||∇s|(p+1)/2||L2,♯.
We then can complete the proof of the proposition by standard argument.
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
We need the following version of L2-estimates due to Demailly (Theorem 3.1 in [13])
for a big and net line bundle over a projective manifold.
Theorem 3.1. Suppose that X is an n-dimensional projective manifold equipped with
a smooth Ka¨hler metric ω. Let L be a holomorphic line bundle over X equipped with
a possibly singular hermitian metric h such that Ric(h) = −√−1∂∂ log h ≥ δω in
current sense for some δ > 0. Then for every L-valued (n, 1)-form τ satisfying
∂τ = 0,
∫
X
|τ |2h,ω ωn <∞,
where |τ |2h,ω = trω
(
hττ
ωn
)
, there exists an L-valued (n, 0)-form u such that ∂u = τ and
(3.19)
∫
X
|u|2h ωn ≤
1
2πδ
∫
X
|τ |2h,ω ωn.
We will apply Theorem 3.1 to obtain the following proposition.
Proposition 3.5. Let X be a projective Calabi-Yau variety with crepant singulari-
ties. If L is an ample line bundle over X equipped with a hermitian metric such that
ω = Ric(h) ∈ c1(L) is the unique Ricci-flat Ka¨hler current on X with bounded local
potentials, then for any smooth L-valued (0, 1)-form τ satisfying
(1) ∂τ = 0,
(2) Supp τ ⊂⊂ Xreg,
there exists an L-valued section u such that ∂u = τ and∫
X
|u|2h ωn ≤
1
2π
∫
X
|τ |2h ωn.
Proof. Let π : X ′ → X be the crepant resolution of X . Since L is ample on X , by
Kodaira’s lemma, there exists a divisor D on X ′ such that L′ − ǫ[D] is ample for all
ǫ > 0, where L′ = π∗L. Let sD be the defining section of D and hD a smooth hermitian
metric on the line bundle induced by [D] satisfying
χ+ ǫ
√−1∂∂ log hD > 0
for all sufficiently small ǫ > 0, where χ ∈ c1(L′) is a smooth closed semi-positive (1, 1)-
form as the pullback of the Fubini-Study metric from the linear system of |(L′)k| for
some sufficiently large k. We consider the following Monge-Ampere equation
(χ+ ǫ
√−1∂∂ log hD +
√−1∂∂ϕǫ)n = cǫΩ,
∫
X′
ϕǫΩ = 0
where Ω is a fixed smooth Calabi-Yau volume form on X ′ and cǫ
∫
X′
Ω = [L− ǫD]n →
[Ln] as ǫ→ 0. Obviously
ωǫ = χ+ ǫ
√−1∂∂ log hD +
√−1∂∂ϕǫ
is the unique Ricci flat Ka¨hler metric in [L′ − ǫD]. ϕǫ, hǫ and ωǫ converges to ϕ,
h = hFSe
−ϕ and ω = χ +
√−1∂∂ϕ weakly globally on X and smoothly on X ′ \D as
ǫ→ 0.
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We can identify s ∈ H0(X ′, L′) and s ∈ H0(X ′, (L′−KX′)+KX′) and the hermitian
metrics on L′ are also hermitian metrics on L′−KX′ because KX′ is numerically trivial.
We now define hǫ = hFSe
−ǫ log |sD|2hD−ϕǫ to be a hermitian metric on L′, in particular,
Ric(hǫ) = −
√−1∂∂ log hǫ = ωǫ + [sD] ≥ ωǫ
in the sense of currents. Hence we can apply Theorem 3.1 to X ′, L′, ωǫ, hǫ, τ ′ = π∗τ .
Note that τ is smooth and
lim
ǫ→0
∫
X′
|τ ′|2hǫωnǫ =
∫
X′
|τ ′|2hωn <∞
since τ ′ vanishes in a neighborhood of the exceptional locus of π and so hǫ and ωǫ
converges smoothly on the support of τ ′. By Theorem 3.1, there exists uǫ on X ′ such
that
∂uǫ = τ
′,
∫
X′
|uǫ|2hǫωnǫ ≤
1
2π
∫
X′
|τ ′|2hǫωnǫ .
Also h and hFS are uniformly equivalent since ϕ is uniformly bounded,∫
X′
|uǫ|2h ωn ≤ C
∫
X′
|uǫ|2hFSΩ ≤ C
∫
X′
|uǫ|2hǫ ωnǫ
is uniformly bounded for all ǫ > 0.
Hence we can take a subsequence of uǫv converging weakly in L
2(X ′,Ω) to u ∈
L2(X,Ω) as ǫv → 0 and
∂u = ∂ lim
ǫ→0
uǫv = τ
′
on X ′. On the other hand, u is bounded uniformly in L2(X, hFSe
−ǫ log |sD|2hDΩ) for any
ǫ > 0 and ωǫ converges to ω in C
∞(X,D), hence∫
X′
|u|2hωn ≤
∫
X′
|τ ′|2hωn.
The proof is complete after pushing u to X . 
3.3. Gromov-Hausdorff limits. In this section, we use the standard theory of Cheeger-
Colding to construct the metric completion of (Xreg, g∞) as a metric length space as
the Gromov-Hausdorff limit of (X ′, gt) as t→∞.
Proposition 3.6. Let gt be the unique Ricci-flat Ka¨hler metric solving equation (3.3)
on X ′. Then (X ′, gt) converges in Gromov-Hausdorff topology to a unique metric length
space (X∞, d∞). Furthermore,
(1) (X∞, d∞) is the metric completion of (Xreg, g∞).
(2) X∞ = R ∪ S, where R is the regular part of (X∞, d∞) and S is the singular
set. In particular, S is closed and its Hausdorff dimension is no greater than
n− 4.
(3) R is convex in (X∞, d∞) and
(3.20) R = Xreg.
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Proof. The Gromov-Hausdorff convergence and (2) are standard results from Cheeger-
Colding theory [7, 8, 9]. The statement (1) and (3.20) are due to Rong-Zhang [31] and
the convexity of (X∞)reg is proved in [11].

The fact that R = Xreg is quite important for our later constructions for local
sections when applying the H-condition from [16]. Proposition 3.6 also allows us to
identify Xreg as an open dense set of X∞.
Lemma 3.11. Any holomorphic section σ ∈ H0(X,Lk) can be continuously extended
from Xreg to X∞.
Proof. For any σ ∈ H0(X,Lk), both |σ|2
hk
∞
and |∇g∞σ|2hk
∞
are uniformly bounded on
Xreg by Lemma 3.9 and Lemma 3.10. This implies that σ is uniformly Lipschitz
with respect to g∞ and h∞, while h∞ is equivalent to hFS. Hence σ can be uniquely
extended toX∞ since Xreg is open dense inX∞ and the metric completion of (Xreg, g∞)
is (X∞, d∞).

Now we can use H0(X,Lk) to construct maps from X∞ to projective spaces. Let
dk + 1 = dimH
0(X,Lk). We define
Φk,σ : X∞ → CPdk
by
Φk,σ(z) = [σ1(z), ..., σdk+1(z)]
where {σ1, ..., σdk+1} is a basis of H0(X,Lk). Then we immediately have the following
corollary.
Corollary 3.3. Φk,σ : X∞ → X ⊂ CPdk is a Lipschitz surjective map for sufficiently
large k ∈ F(X,L) with respect to g∞ and h∞ on X∞.
Proof. Φk,σ is well-defined by Lemma 3.11 and Lemma 3.8. It is also continuous on X∞
from Lemma 3.11 and the fact that Xreg is an open convex dense in X∞. Obviously
Φk,σ is Lipschitz, since g∞ is uniformly bounded below by a multiple of the Fubini
study metric on Xreg by Proposition 3.1 or directly by Lemma 3.10. For any point
z ∈ Xreg, there exists p ∈ X∞ with Φk,σ(p) = z for sufficiently large k since Φk,σ is an
isomorphism on Xreg. Φk,σ is then surjective because Φk,σ is continuous and X∞ is the
metric completion of Xreg with g∞ bounded below by a multiple of χ.

Since L is semi-ample, Φk,σ is stabilized for sufficiently large k ∈ F(X,L). The
following corollary immediately follows from the continuity of Φk,σ.
Corollary 3.4. There exists a surjective Lipschitz map Φ : X∞ → X such that
Φk,σ = Φ
for k ∈ F(X,L) sufficiently large. In particular, Φ|R = id by identifying R = Xreg.
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In fact, one can just identify Φ to be the unique continuation of the identity map on
Xreg through metric completion of g∞ for the domain and χ for the target. The goal
is to show that Φ is a homeomorphism and so we have to prove that Φ is injective.
3.4. H-condition and local sections. We now consider the H-property introduced
by Donaldson-Sun [16].
Definition 3.1. We consider the follow data (p∗, D, U, J, L, g, h, A) satisfying
(1) (p∗, U, J, g) is an open bounded Ka¨hler manifold with a complex structure J , a
Ka¨hler metric g and a base point p∗ ∈ D ⊂⊂ U for an open set D,
(2) L → U is a hermitian line bundle equipped with a hermitian metric h and A
is the connection induced by the hermitian metric h on L, with its curvature
Ω(A) = g.
The data (p∗, D, U, L, J, g, h, A) is said to satisfy the H-condition if there exist C > 0
and a compactly supported smooth section σ : U → L satisfying
H1: ‖σ‖L2(U) < (2π)n/2,
H2: |σ(p∗)| > 3/4,
H3: for any holomorphic section τ of L over a neighborhood of D,
|τ(p∗)| ≤ C(‖∂τ‖L2n+1(D) + ||τ ||L2(D)),
H4: ‖∂σ‖L2(U) < min
(
1
8
√
2C
, 10−20
)
,
H5: ||∂σ||L2n+1(D) ≤ 18C .
Here all the norms are taken with respect to h and g. The constant C in the H
condition depends on the choice (p∗, D, U, J, L, g, h).
Fix any point p on X , (X, p, kω) converges in pointed Gromov-Hausdorff topology
to a tangent cone C(Y ) over the cross section Y . We still use p for the vertex of
C(Y ). We write Yreg and Ysing the regular and singular part of Y . Ysing has Hausdorff
dimension strictly less than 2n − 3. C(Yreg) \ {p} has a natural complex structure
induced from the Gromov-Hausdorff limit and the cone metric gC on C(Y ) is given by
gC =
1
2
√−1∂∂r2,
where r is the distance function for any point z ∈ C(Y ) to p. We can also write the
cone metric gC =
1
2
√−1∂∂|z|2.
We need the following proposition due to [16] to construct special local sections of
L0.
Proposition 3.7. For any ǫ > 0, there exists a cut-off function ρ on Y such that
(1) ρ ∈ C∞(Yreg), 0 ≤ ρ ≤ 1,
(2) ρ is supported in the ǫ-neighborhood of Ysing,
(3) ρ = 1 on a neighborhood of Ysing,
(4) ||∇ρ||L2(Y,gC) < ǫ.
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One considers the trivial line bundle LC on C(Y ) equipped with the connection AC
whose curvature coincides with gC . The curvature of the hermitian metric defined by
hC = e
−|z|2 is gC. 1 is a global section of LC with its norm equal to e−|z|
2
with respect
to hC . The following lemma is due to [16].
Lemma 3.12. Let p∗ ∈ C(Yreg). If 3/4 < e−|p∗|2 < 1, then for any ǫ > 0, there
exists U ⊂⊂ C(Yreg) \ {p} and an open neighborhood D ⊂⊂ U of p∗ such that
(p∗, D, U, LC , JC, gC , hC , AC) satisfies the H-condition.
From the construction in Proposition 3.7 and Lemma 3.12, we can always assume
that both D and U are a product in C(Yreg) \ {p}, i.e., there exist DY and UY ⊂ Yreg
such that D = {z = (y, r) ∈ C(Y ) | y ∈ DY , r ∈ (rD, RD)} and U = {z = (y, r) ∈
C(Y ) | y ∈ UY , r ∈ (rU , RU)}. Suppose (p∗, D, U, LC, JC , gC , hC , AC) satisfies the
H-condition from Lemma 3.12. For any m ∈ Z+, we can define
(3.21) U(m) = {z = (y, r) ∈ C(Y ) | y ∈ UY , r ∈ (m−1/2rU , m1/2RU)}
and µm : U → U(m) by
µm(z) = m
−1/2z.
The following proposition from [16] establishes the stability of the H-condition for
perturbation of the curvature and the complex structure.
Proposition 3.8. Suppose (p∗, D, U, JC, LC , gC , hC , AC) constructed as above in Lemma
3.12 satisfies the H-condition. There exist ǫ > 0 and m ∈ Z+ such that for any collec-
tion of data (p∗, D, U, J, g, h, A) if
||g − gC ||C0(U(m)) + ||J − JC ||C0(U(m)) < ǫ,
then for some 1 ≤ l ≤ m,
(p∗, D, U, µ∗l J, µ
∗
lL, µ
∗
l g, µ
∗
l h, µ
∗
lA)
satisfies the H-condition.
3.5. Separating points. Fix any point p, we can assume that (X∞, p, kvg∞) converges
to a tangent cone C(Y ) for some sequence kv in pointed Gromov-Hausdorff topology.
In particular, on the regular part of C(Y ), the convergence is locally C2,α and the
metrics kvg∞ converge locally in C1,α. Fix any open set U ⊂⊂ C(Yreg) \ {p}, This
would induce embeddings χkv : U → R = (X∞)reg. Let gkv be the pullback metric
of g∞ on (X∞)reg and Jkv be the pullback complex structure. The following lemma
follows from the convergence of (X∞, p, kvg∞).
Lemma 3.13. There exists v such that one can find an embedding χkvsuch that
(1) 2−1|z| ≤ (kv)1/2d∞(p, χkv(z)) ≤ 2|z|,
(2) ||χ∗kv(kvg∞)− gC ||C0(U) + ||χ∗kvJ∞ − J0||C0(U) ≤ ǫ,
where d∞ is the metric on X∞ induced from g∞.
Proposition 3.9. For any two distinct points p and q in X∞,
Φ(p) 6= Φ(q).
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Proof. We break the proof into the following steps.
(1) Suppose C(Yp) and C(Yq) are two tangent cones of p and q onX∞ after rescaling
(X∞, g∞) at p by kvp →∞ and at q by kvq →∞. One then can construct two
collections of data (p∗, Dp, Up, Jp, gp, Ap) on C(Yp) and (q∗, Dq, Uq, Jq, gq, Aq) on
C(Yq) from Lemma 3.12, satisfying the H-condition. In addition, we can always
assume that
• dC(Yp)(p∗, p) = rp∗ ≤ (100K)−1, dC(Yq)(q∗, q) = rq∗ ≤ (100K)−1, where the
constant K is defined in Proposition 3.3 and Proposition 3.4.
• the constants C in the H-condition for Up and Uq are the same,
• kvp = kvq = kvp,q .
(2) From Lemma 3.13, there exist χp : Up(2mp) → X∞ and χq : Uq(2mq) → X∞
such that
• 2−1|z| ≤ (kvp,q)1/2d∞(p, χp(z)) ≤ 2|z|,
• 2−1|z| ≤ (kvp,q)1/2d∞(q, χq(z)) ≤ 2|z|,
• ||χ∗p(kvp,qg∞)− gC ||C0(Up(mp)) + ||χ∗pJ∞ − JC ||C0(Up(mp)) ≤ ǫ,
• ||χ∗q(kvp,qg∞)− gC ||C0(Uq(mq)) + ||χ∗qJ∞ − JC ||C0(Uq(mq)) ≤ ǫ,
• χp(Up) ∩ χq(Uq) = φ,
where mp, Up(mp), mq and Uq(mq) are constructed as in Lemma 3.12, Propo-
sition 3.8 and (3.21).
(3) Let zp∗ = χp(p∗) and zq∗ = χq(q∗). By Proposition 3.12 and making ǫ suffi-
ciently small in (2), we can assume that (zp∗ , χp(Dp), χp(Up), J∞, g∞, h∞) and
(zq∗ , χp(Dq), χq(Uq), J∞, g∞, h∞) satisfy the H-condition after shrinking Up and
Uq. Now we consider the local section σp on χp(Up). Since Xreg = R, we
are still able to choose σp from the construction in Lemma 3.12 appropriately
satisfying the H-condition.
(4) We now apply Proposition 3.5 by letting τ = ∂σ′p. Then there exists L
kp,q -
valued section u solving the ∂-equation ∂u = τ with∫
X∞
|u|2
(h∞)kp,q
dVg∞ ≤
1
2π
∫
X∞
|τ |2
(h∞)kp,q
dVg∞ ≤ min(
1
8
√
2C
, 10−20).
From the H-condition,
u(zp) ≤ C||u||L2(D) ≤ 1
8
.
We set σ′′p = σ
′
p − u. Then
• |σ′′p(zp∗)|2(h∞)kp,q ≥ 1/2.
• ||σ′′p ||L2(X∞,kp,qg∞,(h∞)kp,q ) ≤ 2(2π)n/2.
• ||σ′′p ||L2(X∞\χp(Up),kp,qg∞,(h∞)kp,q ) = ||u||L2(X∞,kp,qg∞,(h∞)kp,q ) ≤ min((8
√
2C)−1, 10−10).
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Then by Proposition 3.4,
|σ′′p(p)|(h∞)kp,q ≥ |σ′′p(zp∗)|(h∞)kp,q − sup
X∞
|∇σ′′p |kp,qg∞,(h∞)kvd(p, zp∗)
≥ 1/4− 1/100 ≥ 2/5.
Now we restrict σ′′p on χq(Uq). The condition H3 can still be applied since we
have assumed that kp = kq and so we have,
|σ′′p(zq∗)|2(h∞)kp,q ≤ C||σ′′p ||L2(X∞\χp(Up),kp,qg∞,(h∞)kp,q ) ≤ 1/8.
Similarly by Proposition 3.4 and the above arguments, we have
|σ′′p (q)|2(h∞)kp,q ≤ 1/10.
(5) The same construction will be applied to obtain σ′′q ∈ H0(X,Lkp,q) extending
to X∞ with
|σ′′q (q)|2(h∞)kp,q ≥ 2/5, |σ′′q (p)|2(h∞)kp,q ≤ 1/8.
Then we can conclude that
Φkp,q ,σ(p) 6= Φkp,q ,σ(q).
This completes the proof of the proposition since Φkp,q ,σ is stabilized for suffi-
ciently large k ∈ F(X,L).

Corollary 3.5. Φ : X∞ → X is a homeomorphism.
Proof. It follows from Proposition 3.9, Φ is a continuous bijection. Immediately, this
implies that Φ is a homeomorphism.

Finally, we are able to prove Theorem 1.1.
Proof of Theorem 1.1 Combining the results of Proposition 3.6, Lemma 3.11 and
Corollary 3.5, we have completed the proof of Theorem 1.1.
3.6. Applications. In this section, we will give applications of Theorem 1.1 by proving
Corollary 1.1 and Corollary 1.2.
Proof of Corollary 1.1 Suppose X is an n-dimensional projective Calabi-Yau manifold.
Suppose Lj → X is a sequence of Q line bundles over X , j = 1, 2... such that c1(Lj)
converges to c1(L) ∈ H1,1(X,Q), where L is a big and nef Q-line bundle. Let gj be
the unique Ricci-flat Ka¨hler metric in c1(Lj). Since L is big and nef, from Proposition
2.1 and Corollary 2.1, L is semi-ample and for some sufficiently large k, the linear
system |Lk| is base point free and induces a unique surjective birational morphism
Φ : X → Y for a normal projective Calabi-Yau variety Y . In particular, Y has crepant
singularities and Φ is a crepant resolution. By [17] or more directly by [51], there exists
a unique Ricci-flat Ka¨hler metric gY ∈ c1(L) on Y with bounded potentials. Standard
argument shows that gj converges to gY on Φ
−1(Yreg) smoothly with a uniform C0
bound on their local potentials. Immediately we can apply Theorem 1.1 combined
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with [31] to derive a limiting compact Calabi-Yau metric space (Y, dY ) as the metric
completion of (Yreg, gY ).

Proof of Corollary 1.2 Let
(3.22)
X X ′
Y
❅
❅❘f
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣✲
 
 ✠ f ′
be the flip of two smooth projective Calabi-Yau manifolds X and X ′. Y is then a
normal projective Calabi-Yau variety with crepant singularities. In particular, f and
f ′ are both crepant resolutions of Y . Let LY be an ample line bundle over Y and A
be an ample Q-line bundle on X . Then Lj = f
∗LY ⊗ j−1A is an ample Q-line bundle
over X and there exists a unique smooth Ricci flat Ka¨hler metric gj ∈ c1(Lj). Then
we can apply Corollary 1.1 and complete the proof of Corollary 1.2.

We would also like to remark that the gradient estimates in section 3.1 can be
very much generalized to a family of degenerate and singular complex Monge-Ampere
equations. The upshot is that as long as the equation satisfies certain bound on the
Ricci current, the gradient estimate holds with respect to the singular Ka¨hler metric
induced from the solution instead of a fixed reference metric.
4. Canonical models of general type with crepant singularities
Let X be an n-dimensional canonical model with crepant singularities. Let Xreg and
Xsing be the regular part and singular part of X , and
π : X ′ → X
be a crepant resolution. Then X ′ is a smooth minimal model of general type, i.e., KX′
is big and nef, and so KX′ is semi-ample by Kawamata’s base point free theorem. X
is the unique canonical model of X ′.
Let χ ∈ c1(X) be a multiple of the Fubini-Study metric from certain pluricanonical
embedding of X . Let Ω be a smooth volume form on X satisfying
√−1∂∂ log Ω = χ.
Then the following Monge-Ampere equation can be solved [17, 58] for a unique ϕKE ∈
L∞(X) ∩ PSH(X,χ) ∩ C∞(Xreg)
(4.23) (χ+
√−1∂∂ϕ)n = eϕΩ.
Without confusion, we also identify equation (4.23) as one on X ′ after pullback. This
implies that the Ricci current of ωKE = χ +
√−1∂∂ϕKE is well-defined and satisfies
the Ka¨hler-Einstein equation
(4.24) Ric(ωKE) = −ωKE
smoothly on Xreg and globally on X in the sense of distribution. Let gKE be the
associated Ka¨hler-Einstein metric on Xreg and hKE = ((ωKE)
n)−1 be the hermitian
metric on KX .
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Note that log(ωKE)
n is locally plurisubharmonic on X . In fact, equation (4.24)
admit a unique solution in c1(X) with bounded local potentials. Let gKE be the
Ka¨hler metric associated to ωKE.
4.1. A graident estimate. In this section, we will prove the following gradient esti-
mate.
Proposition 4.1. There exists C > 0 such that if ϕKE ∈ L∞(X) ∩ PSH(X,χ) ∩
C∞(Xreg) solves equation (4.23), then,
(4.25) sup
Xreg
|∇ϕKE|2gKE ≤ C.
Proof. We consider the following normalized Kahelr-Ricci flow on the minimal model
X ′ starting with any smooth initial Ka¨hler metric g0 whose corresponding Ka¨hler form
is ω0,
(4.26)
∂g
∂t
= −Ric(g)− g.
The flow is then equivalent to the following parabolic Monge-Ampere equation
(4.27)
∂ϕ
∂t
= log
((1− e−t)χ′ + etω0 +
√−1∂∂ϕ)n
Ω
+ ϕ, ϕ|t=0 = 0,
where χ′ = π∗χ. It is shown in [59, 40] that there exists C > 0 such that for all t ≥ 0,
sup
X′
∣∣∣∣∇
(
∂ϕ(t)
∂t
+ ϕ(t)
)∣∣∣∣
2
g(t)
≤ C.
Let E = π−1(Xsing). It is well-known that ϕ(t) converges to the limit solution ϕKE
solving equation (4.23) in L∞(X ′)∩PSH(X ′, χ′)∩C∞(X ′ \E) and ∂ϕ(t)
∂t
converges to
0 in C∞(X ′ \ E). Then the lemma is proved by letting t→∞.

4.2. Limiting metric spaces. We now construct a family of almost Ka¨hler-Einstein
metrics [50] on X ′. We fix a smooth Ka¨hler metric gA in a fixed Ka¨hler class A on X ′
whose associated Ka¨hler metric is gA. Then we consider the following equation for gt,
(4.28) Ric(gt) = −gt + e−tgA, t ∈ [0,∞).
Obviously, −c1(X) + e−tA is a Ka¨hler class and equation (4.28) is equivalent to the
following Monge-Ampere equation
(4.29) (χ′ + e−tωA +
√−1∂∂ϕt)n = e−ϕtΩ,
where χ′ = π∗χ, ωt = χ′ + e−tωA +
√−1∂∂ϕt be the Ka¨hler form associated to the
Ka¨hler metric g(t) solving equation (4.28).
Lemma 4.1. There exists a unique smooth Ka¨hler metric gt ∈ −c1(X)+ e−tA solving
equation 4.28 for all t > 0. There exists C > 0 such that
sup
X′
|ϕt| ≤ C, trgt(χ′) ≤ C
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for all t ∈ [0,∞). Furthermore, ϕt converges to ϕKE, the unique solution of equation
(4.23), in C∞(X ′ \ E).
We will verify in the following lemma the almost Ka¨hler-Einstein condition intro-
duced in [50].
Lemma 4.2. Let gj be the solution of equation (4.28) for t = j. Then gj satisfies the
following almost Ka¨hler-Einstein conditions.
(1) Ric(gj) ≥ −gj,
(2) there exists p ∈ X ′ \ E and r0, κ > 0 such that for all j = 1, 2, ...,
Bgj(p, r0) ⊂⊂ X ′ \ E, V ol(Bgj(p, r0)) ≥ κ,
(3) Let gj(t) be the solution of the normalized Ka¨hler-Ricci flow
∂gj(t)
∂t
= −Ric(gj(t))− gj(t), gj(0) = gj.
Then
lim
j→∞
∫ 1
0
∫
X′
|R(gj(t)) + n|dVgj(t)dt = 0.
Proof. (1) and (2) follow easily from Lemma 4.1. Notice that the minimum of the scalar
curvature is non decreasing along the Ricci flow while R(gj(0)) > −n. Therefore∫ 1
0
∫
X′
|R(gj(t)) + n|dVgj(t)dt ≤
∫
X′
∫ 1
0
(R(gj(t)) + n)dVgj(t)dt
=
∫ 1
0
e−j−tA · (e−j−tA+ c1(X))n−1dt→ 0
as j →∞.

We then apply the main results of Tian-Wang [50] to obtain the following proposi-
tion.
Proposition 4.2. Let (X ′, p, gj) be the almost Ka¨hler-Einstein manifolds in the as-
sumption of Lemma 4.2. Then (X ′, p, gj) converges to a metric length space (X∞, p∞, d∞)
satisfying
(1) R, the regular set of X∞, is a smooth open dense convex set in X∞,
(2) the limiting metric d∞ induces a smooth Ka¨hler-Einstein metric gKE on R
satisfying Ric(gKE) = −gKE,
(3) the singular set S has Hausdorff dimension no greater than 2n− 4.
We would like to show that R = Xreg following the ideas in [31]. We first need the
following lemma due to Rong-Zhang (Theorem 5.2 [31]). It is possible that the elliptic
arguments in [10] for the Gromov-Hausdorff limit of conical Ka¨hler-Einstein metrics
can also be applied to derive Proposition 4.2.
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Lemma 4.3. Let (M, g) be an n-dimensional projective manifold with a Ka¨hler metric
g. Suppose that E is a subvariety of dimension 0 < m < n and p is point in the regular
part of E. Then if
sup
Bg(p,
2π
Λ
)
|Sec(g)| ≤ Λ,
for some p ∈ M and Λ > 0, then
V olg(Bg(p, r) ∩ E) ≥ δ(m,Λ)r2m,
for any r ≤ min{ig(p), π2Λ}, where ig(p) is the injectivity radius of g at p and δ =
δ(m,Λ) > 0 only depends on m and Λ.
We now define SE by
SE = {p ∈ X∞ | there exist {pj}∞j=1 ⊂ E with pj → p, as j →∞}.
Obviously, SE is closed.
Lemma 4.4. SE ⊂ S.
Proof. We will have to combine the argument in [31] and [50] since the Ricci curvature
of gj is not uniformly bounded. We prove by contradiction. Suppose there exists
p ∈ SE ∩R with pj ∈ E ⊂ (X, gj) converging to p ∈ (X∞, d∞). We can always assume
that pj lies in the regular part of an m-dimensional component E
′ of E by arbitrarily
small perturbation after passing to a subsequence, for some m > 0. Then for any
sufficiently small δ > 0, there exists r0 > 0 sufficiently small such that
V ol(Bd∞(p, r0)) > (1− δ)V ol(BEucl(0, r0)),
where BEucl(0, r0) is the Eucidian ball centered at 0 with radius r0. Without loss
of generality, we can also assume that V ol(Bgj(pj , r0)) > (1 − δ)V ol(BEucl(0, r0)) for
sufficiently large j. One then consider the solution gj(t) of the normalized Ka¨hler-
Ricci flow starting with gj for t ∈ [0, 1]. By [50], Bgj(t)(pj , r0) and Bd∞(p, r0) can
be arbitrarily small for sufficiently large j and all t ∈ [0, 1]. The modified version
of Perelman’s psedoulocality theorem (Proposition 3.1 [50]) can be applied and after
choosing a sufficiently small uniform constant δ, there exists K, r > 0 such that
|Rmgj(t)(y)|gj(t) ≤ Kt−1, y ∈ Bgj(pj , r0/2)
for sufficiently large j. By choosing t = 1/2, one immediately shows that the curvature
of gj(1/2) is uniformly bounded by 2K on Bgj(1)(pj, r0/4) for sufficiently large j.
By Lemma 4.3, there exists ε > 0, such that for all sufficiently large j,
V olgj(1/2)(Bgj(1/2)(pj , r0/4) ∩ E) ≥ ε.
However, letting ωj(t) be the Ka¨hler form associated to gj(t), we have
V olgj(1/2)(Bgj(1/2)(pj, r0/4) ≤
∫
E′
(ωj(1/2))
m = E ′ ·[ωj(1/2)]m → 0 = e−j(E ′ · Am)→ 0,
as j →∞ because KX′ is numerically zero on E. Contradiction.

The following lemma is the pointed version of Theorem 4.1 in [31]
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Lemma 4.5. There exists a homeomorphic local isometry f : (X ′ \ E, dg∞) → (X∞ \
SE , d∞), where dg∞ is the metric induced by g∞ on X
′ \ E (or Xreg).
Proposition 4.3. R = Xreg.
Proof. From Lemma 4.5, all the points in X∞ \ SE must lie in R, since (Xreg, dg∞) is
smooth. Hence S ⊂ SE . The proposition immediately follows by Lemma 4.4.

4.3. Local L2-estimates. We now pick a base point p in Xreg as in Lemma 4.2. As
shown in section 4.2, (X ′, p, gj) converges to the metric length space of (X∞, p∞, d∞).
The difficulty here is that we do not have a uniform bound on the diameter of (X ′, gj),
unlike the case of Calabi-Yau varieties. In order to obtain a uniform diameter bound,
we will prove by contradiction, and assume that
diamgj (X
′)→∞.
This immediately implies that (X∞, d∞) is not a compact metric space as its diameter
is infinite.
Let B∞(r) be the geodesic ball in (X∞, d∞) centered at p∞ with radius r > 0. Let
Bj(r) be the geodesic ball of (X
′, gj) centered at p of radius r. Then Bj(r) converges
to B∞(r) in Gromov-Hausdorff topology as j →∞. We will derive local L2-estimates
on each B∞(r) for all r > 0.
Lemma 4.6. Suppose diamgj (X
′) → ∞ as j → ∞. Fix any 0 < r < R, the Sobolev
constant on Bj(r) is uniformly bounded below by a constant CS depending on upper
bound of R, R−1 and (R − r)−1. More precisely, for any j = 1, 2, ..., and any f ∈
L1,2(X ′, gj) with support in Bj(r),
(4.30) ||∇f |L2(Bj (r),gj) ≤ CS||f ||L 2nn−1 (Bj(r),gj).
Proof. First, we consider Bj(r) and Bj(R) for 0 < r < R. Then the Dirichlet isoperi-
metric constant CI is bounded by the following estimate (c.f. Corollary 10.2 in [27])
(4.31) CI(Bj(r)) ≥ C
(
V (Bj(R))− V (Bj(r))
V−1(r +R)
) 2n+1
2n
as the Ricci curvature of gj is uniformly bounded below by −1, where V−1(r+R) is the
volume of a geodesic ball of radius (r+R) in the connected space form of constant −1
sectional curvature, and C is a constant only dependent on n (c.f. Corollary 10.2 in
[27]). Since Bj(R) and Bj(r) converge in Gromov-Hausdorff topology and measure to
B∞(R) and B∞(r), CI(Bj(r)) is uniformly bounded below by a constant dependent on
the upper bounded of R, R−1 and (R− r)−1. Then the lemma follows by the relation
between the Sobolev constant CS and the isoperimetric constant CI .

We can now derive the following local L2-estimates.
Proposition 4.4. For any R > 0, there exists KR > 0 such that if s ∈ H0(X, (KX)k)
for k ≥ 1, then
(4.32) ‖s‖L∞,♯(B∞(R)) ≤ KR‖s‖L2,♯(B∞(2R))
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(4.33) ‖∇s‖L∞,♯(B∞(R)) ≤ KR‖s‖L2,♯(B∞(2R)),
where the norms are taken with respect to (hKE)
k and kωKE.
Proof. We break the proof into the following steps.
(1) From the same calculations, we have on Xreg
∆|s| ≥ −|s|,
where ∆, ∇ are covariant derivatives with respect to kgKE and hKE = (ωKE)−n.
For any 1 < r < R, we choose a smooth cut-off function Fr,R on R
+ such that
0 ≤ Fr,R ≤ 1, Fr,R(x) = 1 for x ∈ [0, r] and Fr,R(x) = 0 on [R,∞). We can
assume that |F ′| ≤ A(R− r)−1 for some uniform constant A > 0. Then we let
η(z) = Fr,R(ρ/k
1/2), where ρ is the geodesic distance from p to z ∈ X∞. Then
straightforward calculations show that∫
X′
∣∣∣∇(η|s| p+12 )∣∣∣2 dVkgKE ≤ Cp
∫
X′
(η2 + |∇η|2)|s|p+1dVkgKE
and so,
(4.34)
∫
B∞(r)
|∇
(
|s| p+12
)
|2 ≤ Cp
(R− r)2
∫
B∞(R)
|s|p+1
for some uniform constant C because |∇η| is bounded by A(R − r)−1.
(2) We would like to prove a Sobolev type inequality for gKE.
Claim 4.1. For any r > 0, there exists K > 0 such that for all f ∈ L∞(B∞(r))∩
L1,2(B∞(r), kωKE) with compact support in B∞(r),
(4.35) ||∇f ||L2(B∞(r),kgKE) ≥ K||f ||L 2nn−1 (B∞(r),kgKE).
Proof. We first prove that the Sobolev inequality holds for fǫ = ρǫf with ρǫ
constructed from Lemma 3.7 for Y = X and Z = Xsing. Let Ωǫ = Suppfǫ. Then
(Ωǫ, gj) converges to (Ωǫ, gKE) smoothly as j →∞. Therefore Ωǫ ⊂ (Bj(r), gj)
for sufficiently large j. Therefore from Lemma 4.6, we have
||∇kgjfǫ||L2(Bj(r),kgj) ≥ CS||fǫ||L 2nn−1 (Bj(r),kgj)
since the Sobolev inequality is scaling invariant. By letting j →∞, we have
||∇fǫ||L2(B∞(r),kgKE) ≥ CS||fǫ||L 2nn−1 (B∞(r),kgKE)
since gj converges smoothly to gKE smoothly on Ωǫ. Then the claim can be
proved by the same argument as in Proposition 3.3 after letting ǫ→ 0.

(3) Combining the above estimates, we have
CS
∣∣∣∣∣∣|s| p+12 ∣∣∣∣∣∣2
L
2n
n−1 (B∞(r),kgKE)
≤ Cp
(R− r)2
∫
B∞(R)
|s|p+1dVkgKE
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and so for some uniform constant C > 0, we have
|||s|||
L
n
n−1 (p+1)(B∞(r),kgKE)
≤
(
Cp
(R− r)2
) 1
p+1
||s||Lp+1(B∞(R),kgKE).
Let β = n(n− 1)−1. We then have
||s||
L2βk+1(B∞(rk+1),kgKE)
≤
(
Cβk
(rk − rk+1)2
) 1
βk+1
||s||
L2βk(B∞(rk),kgKE)
,
for k = 1, 2, ..., and rk is an decreasing sequence to be determined. By letting
rk = R− r+ r2kB for sufficiently large fixed B > 0. One can apply the standard
Nash-Moser iteration and we obtain that
||s||L∞(B∞(r)) ≤ K||s||L2(B∞(R),kgKE).
(4) By apply the arguments above and those in the proof of Proposition 3.4, one
can also prove (4.33).

Proposition 4.5. Let X be a normal projective variety with crepant singularities and
ample canonical divisor KX . Let ω ∈ −kc1(X) be the unique Ka¨hler-Einstein current
with bounded local potentials and h be a hermitian metric on (KX)
k satisfying
Ric(ω) = −1
k
ω, ω = Ric(h)
for any k ≥ 2. then for any smooth (KX)k-valued (0, 1)-form τ satisfying
(1) ∂τ = 0,
(2) Supp τ ⊂⊂ Xreg,
there exists a (KX)
k-valued section u such that ∂u = τ and∫
X
|u|2hωn ≤
1
π
∫
X
|τ |2h,ωωn.
Proof. The proof is very similar to that of Proposition 3.5 by approximation. Let
π : X ′ → X be the crepant resolution. Since KX′ is big and semi-ample, there exists
a divisor D such that KX′ − ǫ0D is ample for some sufficiently small ǫ0 > 0. We let
hΩ = Ω
−1 be the smooth hermitian metric on KX′ satisfying Ric(hΩ) = χ and a a
smooth hermitian metric hD of [D] such that
χ− ǫRic(hD) ∈ [KX ]− ǫ[D]
is a Ka¨hler metric on X ′ for sufficiently small ǫ > 0. Then we consider the Monge-
Ampere equation
(χ− ǫ2Ric(hD) +
√−1∂∂ϕǫ)n = e(1+ǫ)ϕǫΩ.
Let
hǫ = e
−(ϕǫ+ǫ2 log |sD|2hD )hΩ, ωǫ = χ− ǫ2Ric(hD) +
√−1∂∂ϕǫ, αǫ = χ− ǫ2(1 + ǫ)Ric(D).
Then
Ric(hǫ) = ωǫ, Ric(ωǫ) = −(1 + ǫ)ωǫ + αǫ ≥ −(1 + ǫ)ωǫ.
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Then we can apply Theorem 3.1 by writing kKX′ = (k−1)KX′+KX′ because the Ricci
curvature of ωǫ is bounded below and converges to constant. One then can proceed
as in the proof of Proposition 3.5. In particular, we make use of the fact that, after
talking ǫ→ 0, the limiting hermitian metric h = (ωn)−k.

4.4. Local separation of points. We will assume that diamgj (X
′) = ∞ and derive
contradiction. Due to the gradient estimates (4.25) in Proposition 4.1, one can derive
the same conclusion as in Lemma 3.10 by considering the balls B∞(r) with r → ∞.
Hence we have the following lemma similar to Lemma 3.11 and Corollary 3.3 because
each holomorphic section in H0(X, (KX)
k) is L2 integrable on Xreg with respect to
(hKE)
k and ωKE.
Lemma 4.7. Any holomorphic section σ ∈ H0(X,KkX) can be continuously extended
from Xreg to X∞. Furthermore, The map
Φk,σ : X∞ → X ⊂ CPdk
is a Lipschitz map for sufficiently large k ∈ F(X,KX) with respect to hKE = (ωnKE)−1
on (X∞, d∞), where σ = {σ1, ..., σdk+1} is a basis of H0(X, (KX)k).
Φk,σ will be stabilized for sufficiently large k ∈ F(X,KX) and Φ|(X∞)reg = id. With-
out loss of generality, we write Φ = Φk,σ. Without the diameter bound, (X∞, d∞) might
not be a a compact metric length space and Φ might not be surjective. However, we
can show that Φ is in fact injective.
Proposition 4.6. The map Φ : X∞ → X is injective.
Proof. We fix a base point p∞ ∈ X∞ once for all and let B∞(r) be the geodesic ball
in (X∞, d∞) centered at p∞ with radius r. For any two distinct points p, q ∈ B∞(R),
with Proposition 4.4 and Proposition 4.5, we are able to apply the H-condition and
imitate the arguments in section 3.5 to find two section σp and σq in H
0(X, (KX)
kp,q)
for some sufficiently large kp,q ∈ F(X,KX) such that
|σp(p)| ≥ 2/5, |σp(q)| ≤ 1/10, |σq(q)| ≥ 2/5, |σq(p)| ≤ 1/10.
Therefore
Φ(p) 6= Φ(q)
and so Φ is injective.

Lemma 4.8. Suppose diamd∞(X∞) =∞. Then
(1) X \ Φ(X∞) 6= φ,
(2) for any sequence of points qj ∈ X∞ with limj→∞ dχ(Φ(qj), P ) = 0 for some
point P ∈ X \ Φ(X∞),
d∞(p∞, qj)→∞
as j →∞.
Proof. We prove the lemma by contradiction.
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(1) Suppose X = Φ(X∞). There exists a sequence of points Qj ∈ Xreg with
d∞(p∞, Qj) → ∞ as j → ∞. Without loss of generality, we can assume there
exists Q′ ∈ X∞ such that dχ(Φ(Qj),Φ(Q′)) → 0, after passing to a sequence.
Then an open ball centered a Q′ must contain all Qj for sufficiently large j.
Contradiction.
(2) Suppose not. Then there exist a sequence of points qj ∈ X∞ such that
d∞(p∞, qj) ≤ A, dχ(Φ(qj), P )→ 0
for some fixed constant A > 0 and P ∈ X \ Φ(X∞). Since Xreg is open and
dense in (X∞, d∞) and d∞ is bounded below by a multiple of χ, there exist a
sequence of points q′j ∈ Xreg with
d∞(p∞, q′j) ≤ A, dχ(Φ(q′j), P )→ 0.
By compactness, q′j converges to q
′
∞ ∈ X∞ with respect to d∞. Then
d∞(q′∞, q
′
j)→ 0
and so
dχ(Φ(q
′
∞), P ) = lim
j→∞
dχ(Φ(q
′
∞),Φ(q
′
j)) = 0.
Hence P = Φ(q′∞) ∈ Φ(X∞) and contradiction.

Corollary 4.1. Φ(X∞) is open dense in X. In particular, S ⊂ Xsing, and Xsing\Φ(S)
is a closed set in X with respect to the Fubini-Study metric.
Proof. Φ(X∞) is obviously dense in (X,χ) as Φ(R) = Xreg. We now show that Φ(X∞)
is open. Suppose not, then there exists q ∈ X∞ such that any geodesic open ball in
(X,χ) centered at Φ(q) is not entirely in Φ(X∞). Then one can pick a sequence of
points yj ∈ X satisfying
dχ(yj,Φ(q))→ 0, yj /∈ Φ(X∞).
We can pick xj ∈ X∞ such that
dχ(Φ(xj), yj) ≤ j−1, d∞(xj , p∞) ≥ j
because of Lemma 4.8. We can further assume xj ∈ R since R is dense in X∞.
Therefore,
dχ(Φ(xj),Φ(q))→ 0, d∞(xj , p∞)→∞.
Since q is the limit of a sequence of points Φ(x′j) = x
′
j in (X∞)reg with
d∞(x′j, q)→ 0, dχ(Φ(x′j),Φ(q))→ 0,
we can then join xj and x
′
j by a continuous path of regular points in the geodesic ball
in (X,χ) centered at Φ(q) with radius equal to max(dχ(Φ(q),Φ(xj)), dχ(Φ(q),Φ(x
′
j))).
We can then by continuity, choose a sequence of points satisfying
zj ∈ R, 1 ≤ d∞(q, zj) ≤ 10, dχ(Φ(zj),Φ(q))→ 0.
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Then by compactness and after passing to a subsequence, we can assume zj converges
to z∞ ∈ (X∞, d∞) with
1 ≤ d∞(z∞, q) ≤ 10.
Obviously,
Φ(z∞) = Φ(q)
and it contradicts Φ being injective.
Then immediately, Xsing \ (Φ(S)) = X \ Φ(X∞) must be closed.

Applying the same argument in Corollary 4.1, we have the following corollary.
Corollary 4.2. Φ : X∞ is a homeomorphism from (X∞, d∞) to (Φ(X∞), χ).
4.5. Diameter bound. In this section, we will prove a diameter bound for (X∞, d∞)
using a trick developed by the author and Weinkove [42]. We first we consider the a
log resolution
π1 : Z → X
such that (π1)
−1(Xsing) is the support of a combiniation of finitely many smooth divi-
sors with simple normal crossings on Z. We pick a point O on the smooth part of the
divisor and blow up Z at O with
π2 : X˜ → Z.
Let
π˜ = π1 ◦ π2 : X˜ → X.
Then we have the following adjunction formula because X has at worst canonical
singularities
KX˜ = π˜
∗KX + (n− 1)E +D, D =
m∑
j=1
aj [Dj ],
where (n−1)E+D is the exceptional divisor of π˜, Dj are effective prime smooth divisors
on X˜ with aj ≥ 0 for j = 1, ..., m, E is the exceptional divisor of π2 isomorphic to
CPn−1.
Since π˜∗KX is big and semi-ample, by Kodaira’s lemma, there exists an effective
divisor D′ such that its support coincides with the support of the exceptional divisors
of π˜ and
π˜∗KX − ǫD′
is ample for all sufficiently small ǫ > 0. Let σE , σD and σD′ be the defining sections of
E, D andD′. Here we consider σE , σD and σD′ be the multivalued holomorphic sections
which become global holomorphic sections after taking some power. Let hE , hD, hD′
be smooth hermitian metrics on the line bundles associated to E, D and D′ such that
(π˜)∗Ω = |σE |2(n−1)hE |σD|2hDΩ˜, χ˜− ǫRic(hD′) > 0
for a smooth volume form Ω˜ on X˜ and for all sufficiently small ǫ > 0, where χ˜ = (π˜)∗χ.
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Let ω˜ be a fixed smooth Ka¨hler form on X˜ . Then the Ka¨hler-Einstein equation
lifted to X˜ is equivalent to the following degenerate Monge-Ampere equation
(χ˜ +
√−1∂∂ϕ˜KE)n = eϕ˜KE(π˜)∗Ω,
where ϕ˜KE = (π˜)
∗ϕKE. We consider the following family of Monge-Ampere equations
(4.36) (χ˜+ ǫω˜ +
√−1∂∂ϕ˜ǫ)n = eϕ˜ǫ(|σE |2(n−1)hE + ǫ)(|σD|2hD + ǫ)Ω˜
Let ω˜ǫ = χ˜ + ǫω˜ +
√−1∂∂ϕ˜ǫ. By Yau’s theorem, equation (4.36) always admits a
unique smooth solution ϕ˜ǫ for all sufficiently small ǫ > 0.
Lemma 4.9. There exists A > 0 such that if ϕ˜ǫ solves equation (4.36) for some
ǫ ∈ (0, 1), we have on X˜,
Ric(ω˜ǫ) ≤ −ω˜ǫ + Aω˜.
Proof. First we notice that for any positive smooth function f on X˜
√−1∂∂ log(f + ǫ) ≥ f
f + ǫ
√−1∂∂ log f
on {f > 0} by straightforward calculations. Therefore, on X˜ \ (SuppE ∪ SuppD), we
have
√−1∂∂ log(|σE|2(n−1)hE + ǫ) ≥ −
(n− 1)|σE |2(n−1)
|σE|2(n−1) + ǫ Ric(hE) ≥ −Aω˜,
√−1∂∂ log(|σD|2(n−1)hD + ǫ) ≥ −
|σD|2(n−1)
|σD|2(n−1) + ǫRic(hD) ≥ −Aω˜
for some fixed sufficiently large A > 0. Therefore,
Ric(ω˜ǫ) ≤ −ω˜ǫ + (2A− ǫ)ω˜ + (n− 1)Ric(hE) +Ric(hD)
on X˜ \ (SuppE ∪ SuppD) and naturally extends to X˜ . Then the lemma immediately
follows.

Lemma 4.10. Let ϕ˜ǫ be the smooth solution for the equation (4.36) for ǫ ∈ (0, 1).
Then there exist λ, C > 0 such that for all ǫ ∈ (0, 1), we have on X˜,
(4.37) sup
X˜
|ϕ˜ǫ| ≤ C, ω˜ǫ ≤ C|σD′|2λhD′ ω˜.
Furthermore, ϕ˜ǫ converges to ϕ˜KE smoothly on X˜ \ (SuppE ∪ SuppD) as ǫ→ 0.
Proof. The C0-estimate immediately follows from [17, 58]. Standard calculations give
∆ǫ log trω˜(ω˜ǫ)
=
1
trω˜(ω˜ǫ)
(
−(g˜)ij¯(R˜ǫ)ij¯ + (gǫ)ij¯(g˜ǫ)kl¯R˜ij¯ kl¯ + (g˜ǫ)ij¯(g˜)kl¯(gǫ)pq¯∇˜i(g˜ǫ)kq¯∇˜j¯(g˜ǫ)pl¯ −
|∇ǫtrω˜(ω˜ǫ)|2
trω˜(ω˜ǫ)
)
≥ −Ctrω˜ǫ(ω˜)−A(trω˜(ω˜ǫ))−1
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for some uniform constant C > 0 using the upper bound for (R˜ǫ)ij¯, where (R˜ǫ)ij¯ is the
Ricci tensor of ω˜ǫ, R˜ij¯
kl¯ is the holomorphic curvature tensor of ω˜. Then lemma follows
by the maximum principle applied to the following quantity
H = log
(
|σD′|2BhD′ trω˜(ω˜ǫ)
)
− B2ϕ˜ǫ
for some fixed sufficiently large B > 0. The higher order estimates and local conver-
gence follow from standard argument.

Let BO be a sufficiently small Euclidean ball on Z centered at O such that the
divisor F containing O can be locally defined as z1 = 0 in BO, where z = (z1, ..., zn)
are local Euclidean holomorphic coordinates on BO. Let B˜O = π
−1
2 (BO) in X˜ . The
proper transformation of F is given by
F˜ = (π2)
−1(F )−E.
Then F˜ can be locally defined as the w = 0 for a holomorphic function w.
Lemma 4.10 immediately implies the following corollary.
Corollary 4.3. Let B˜O = π
−1
2 (BO). There exist λ, C > 0 such that for all ǫ ∈ (0, 1),
(4.38) ωǫ|∂B˜O ≤ C
(|w|2λω˜) |∂B˜O .
Let ωˆ be the smooth closed nonnegative closed (1, 1)-form as the pullback of the
Euclidean metric
√−1∑nj=1 dzj ∧ dz¯j on BO. ωˆ is Ka¨hler on B˜O \ E.
Lemma 4.11. There exist C > 0, sufficiently small ǫ0 > 0 and a smooth hermitian
metric hE on E such that on B˜O,
(4.39) C−1ωˆ ≤ ω˜ ≤ C|σE |2hE ωˆ,
(4.40) χ˜− ǫ0Ric(hE) > C−1ω˜.
Proof. (4.39) is a local estimate by straightforward calculations and we refer the details
to [42]. [χ˜] is a trivial cohomology class on BO, and [χ˜] − ǫ[E] is positive on BO for
sufficiently small ǫ > 0 and so we can choose a smooth hermitian metric hE satisfying
(4.40).

The following proposition is the main result of this section.
Proposition 4.7. There exist δ > 0 and C > 0 such that for any solution ω˜ǫ of
equation (4.36) with ǫ ∈ (0, 1), we have on B˜O,
(4.41) ω˜ǫ ≤ C|σE |2(1−δ)hE |w|2λ
ω˜.
Proof. Let
Hǫ = log |σE |2hE |w|2λtrωˆ(ω˜ǫ)− Aϕ˜ǫ
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for some sufficiently large A > 0. Then standard calculations show that
∆ǫHǫ ≥ −C trωˆ(ω˜)
trωˆ(ω˜ǫ)
+ trω˜ǫ(Aχ˜− Ric(hE))− An
≥ − C|σE |2hEtrωˆ(ω˜ǫ)
+ c trω˜ǫ(ω˜)− An
for some uniform c > 0. Let
Gǫ = Hǫ + δ log
(|w|2λtrω˜(ω˜ǫ)) .
For fixed sufficiently large λ > 0, there exists C > 0 such that for any ǫ ∈ (0, 1), we
have
sup
∂B˜O
Gǫ ≤ C
from the estimates in Corollary 4.3. By standard calculations, Lemma 4.9 and estimate
(4.39), there exist uniform constants c, C > 0 such that
(4.42) ∆ǫGǫ ≥ − C|σE |2hEtrωˆ(ω˜ǫ)
+ c trω˜ǫ(ω˜)− An.
We can assume that
sup
B˜O
Gǫ = Gǫ(pmax)
for some pmax ∈ B˜O. Then at pmax,
(trω˜ǫ(ω˜)− A2)|σE|2hEtrωˆ(ω˜ǫ) ≤ C,
and apply mean value inequality and the uniform upper bound for (ω˜ǫ)
n in terms of
(ω˜)n, we have (
(trω˜(ω˜ǫ))
1
n−1 − A3
)
|σE |2hEtrωˆ(ω˜ǫ) ≤ C.
Without loss of generality, we can assume that
(trω˜(ω˜ǫ))
1/(n−1) > 2A3,
otherwise, Gǫ will be bounded above by a uniform constant. Then
Gǫ(pmax) ≤ C
and so Gǫ is uniformly bounded above on B˜O. The proposition immediately follows.

The following corollary immediately follows from Proposition 4.7 by letting ǫ→ 0.
Corollary 4.4. There exist λ, C > 0 such that on B˜O, we have
(4.43) (π˜)∗ωKE ≤ C|σE |2(1−δ)hE |w|2λ
ω˜.
Corollary 4.5. Suppose diamd∞(X∞) = ∞. Then there exists a sequence of points
qj ∈ (X∞)reg satisfying
(1) dχ(Φ(qj), P )→ 0 for some point P ∈ X \ Φ(X∞),
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(2) there exists C > 0 such that for all j
d∞(p∞, qj) ≤ C.
Proof. From the assumption, X \ Φ(X∞) 6= φ. We can choose O such that π1(O) ∈
Xsing \ Φ(S). We pick a point q on E \ F˜ in BO. Then in a local chart U of q ∈ BO,
E is defined by z1 = 0, where z1, ..., zn are local holomorphic coordinates on U and
q = 0. Then
(π˜)∗ωKE ≤ C|z1|−(2−δ)
∑
dzi ∧ dz¯i
for some fixed C and δ > 0. Obviously, for any point qj converging to q in U \E ⊂ Xreg,
d∞(qj, p∞) ≤ C
for some uniform constant C > 0. On the other hand, π˜(q) = π1(O) ∈ Xsing \ Φ(S),
so dχ(qj, π˜(q)))→ 0.

Theorem 4.1. (X∞, d∞) is a compact metric length space.
Proof. Suppose not. Then by Lemma 4.8, there exists P ∈ X \Φ(X∞). We can assume
there exists a log resolution π1 : Z → X and there exists a point O with π1(O) = P
and O lying in the smooth part of the exceptional divisor of π1. Then we can apply
Corollary 4.5 and there exist a sequence of points qj ∈ (X∞)reg such that
lim
j→∞
dχ(Φ(qj), P ) = 0, lim sup
j→∞
d∞(qj, p∞) <∞.
But this contradicts Lemma 4.8.

Proof of Theorem 1.2. From Theorem 4.1, there exists D > 0 such that
diamgj (X˜) ≤ C.
From the argument in section 4.2 and 4.3, Φ is both surjective and injective. The proof
is complete by applying Corollary 4.2.
4.6. Applications and generalizations. In this section, we will discuss the appli-
cation of Theorem 1.2 applied to the Ka¨hler-Ricci flow on smooth minimal models of
general type and the generalization of Theorem 1.2 to canonical pairs with crepant
singularities.
Kahar-Ricci flow on minimal models of general. Let X be an n-dimensional smooth
minimal model of general type. Then the pluricanonical system induces a birational
morphism
π : X → Xcan,
where Xcan is the unique canonical model Xcan of X . In particular, Xcan has crepant
singularities as π is a crepant resolution. Let E be the exceptional locus, i.e., where π
is not isomorphism. We now consider the following normalized Ka¨hler-Ricci flow for
any initial Ka¨hler metric g0
(4.44)
∂g
∂t
= −Ric(g)− g, g(0) = g0.
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We now can prove Corollary 1.3
Proposition 4.8. The Ka¨hler-Ricci flow (4.44) admits a smooth solution g(t) for
t ∈ [0,∞) and g(t) converges smoothly to a Ka¨hler metric g∞ on X \ E. The metric
completion of (X \ E, g∞) is a singular Ka¨hler-Einstein metric length space homeo-
morphic to the canonical Xcan.
Proof. The long time existence and local smooth convergence of g(t) is due to Tsuji
[53]. Since the limiting Ka¨hler-Einstein current has bounded local potential, we can
apply Theorem 1.2 and complete the proof of the proposition.

The drawback of the above proposition is that we do not have much geometric infor-
mation for the global solution g(t) such as a uniform diameter bound. The following
conjecture is well-known.
Conjecture 4.1. (X, g(t)) converges to the metric complexion (Xcan, g∞) in Gromov-
Hausdorff topology as t→∞.
Log canonical pairs. We would like to remark that both Theorem 1.1 and Theorem 1.2
and be generalized to a pair (X,D), where D is a divisor of simple normal crossings.
In general, one can consider a normal projective variety X with crepant singularities
paired with an effective divisor of simple normal crossings D =
∑I
i=1 aiEi −
∑J
j=1 Fj,
where ai > −1, Ei and Fj are smooth prime divisors for all i, j. We assume that
KX +D is ample. By [2], there exists a unique Ka¨hler-Einstein current ωKE on X \F
with
∫
X\D ω
n
KE = [KX +D]
n, where F =
∑J
j=1 Fj . Using the argument in the proof of
Theorem 1.2 and the argument in section 5, one should be able to show that the metric
completion (Xreg \D,ωKE) is homeomorphic to the quasi-projective variety X \ F .
Another interesting direction is to study the Riemannian geometry of the twisted
Ka¨hler-Einstein current on a canonical model of non-general type introduced by the
author and Tian [37, 38]. We expect the gradient estimate similar to Proposition 4.1
to hold in this collapsing case as well.
5. Degeneration of Ka¨hler-Einstein manifolds of general type
Suppose Ψ : X → B is a flat projective family of n-dimensional canonically polarized
varieties of general type over an open disc in C. We assume that
(1) Xt = Ψ
−1(t) is smooth for t ∈ B∗ = B \{0}. We let gt ∈ −c1(Xt) be the unique
Ka¨hler-Einstein metric on Xt for t ∈ B∗.
(2) X has at worst canonical singularities. X0 is reduced and irreducible with at
worse log canonical singularities.
(3) the relative canonical sheaf KX/B is an ample Q-line bundle with (KX/B)|Xt =
KXt for all t ∈ B.
(4) for any k, R and any smooth holomorphic section η ∈ H0(X , (KX/B)k),
sup
t∈B∗
∫
Bgt (pt,Xt)
|η|Xt |2/k <∞,
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where pt is a continuous family of points in X with p0 ∈ (X0)reg and pt ∈ Xt,
Bgt(pt, Xt) is the geodesic ball in Xt of radius R centered at pt. When X0 is
log terminal, we assume that for any k, R and any smooth holomorphic section
η ∈ H0(X , (KX/B)k),
sup
t∈B∗
∫
Xt
|η|Xt|2/k <∞.
We remark that (4) is a technical assumption and one might be able to remove it.
In particular, when X0 is log terminal, the assumption might always hold by applying
arguments of Gross in [31] (Theorem B.1 (ii)).
After embedding X into CPdk by the k-power of KX/B for sufficiently large k, we let
χ ∈ −c1(KX/B) be a smooth Ka¨hler form on X induced from the projecting embedding.
Then χt = χ|Xt is a smooth Ka¨hler form in −c1(Xt) for t ∈ B∗. We can pick a smooth
real valued (n, n)-form Ω on X such that Ωt = Ω|Xt is a smooth non degenerate volume
form onXt for ∈ B∗. Ω can be expressed by
∑
j(ηj∧ηj)1/k, where ηj ∈ H0(X , (KX/B)k)
and (KX/B)k is generated by {ηj}j over B, for some sufficiently large k. We can then
assume that on X , √−1∂∂ log Ω = χ.
We now consider the following family of complex Monge-Ampere equations on Xt for
t ∈ B.
(5.45) (χt +
√−1∂∂ϕt)n = eϕtΩt
Obviously equation (5.45) admits a unique smooth solution for all t ∈ B∗. We let
ωt = χt+
√−1∂∂ϕt be the Ka¨hler-Einstein form for t ∈ B∗, and let gt be the associated
Ka¨hler metric.
5.1. A priori estimates. The following lemma can be calculated locally through local
embedding by the same argument in [31] (Theorem B.1 (i) ).
Lemma 5.1. There exists C > 0 such that for all t ∈ B∗, we have on Xt
(χt)
n ≤ CΩt.
Then immediately by the maximum principle applied to the equation (5.45), we have
a uniform upper bound for the potential ϕt.
Corollary 5.1. There exists C > 0 such that for all t ∈ B∗, we have on Xt
ϕt ≤ C.
We pick a base point p0 ∈ (X0)reg. Then there exists a sequence of points pt with
dχ(pt, p0)→ 0 as t→ 0 with respect to the metric χ on X . Let Bt(R) = Bgt(pt, R) be
the geodesic ball in (Xt, gt) centered at pt with radius R.
Lemma 5.2. For any R > 0, there exists CR > 0 such that for all t ∈ B∗
ϕt ≥ −CR
on Bt(R).
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Proof. We apply the argument in section 4.3 because the Sobolev constant on Bt(R)
is uniformly bounded for all t ∈ B∗. Applying Moser’s iteration to e−δϕt independent
of t with respect to ωt, there exist C1, C2 > 0 such that
||e−δϕt ||L∞(Bt(R)) ≤ C1
∫
Bt(2R)
e−2δϕtωnt = C1
∫
Bt(R)
Ωt ≤ C2,
where the last two inequalities from the assumption (4) and the uniform upper bound
for ϕt in the beginning of section 5.

After applying the stable reduction, we can assume there exists a log resolution
π : X˜ → X such that Ψ˜ : X → B commutes with π and Ψ, both X and X0 are
smooth, and π is normal crossing, i.e., X˜0 = Ψ˜
−1(0) is the union of smooth divisors of
simple normal crossing. Let π0 : X˜0 → X0 be the induced resolution of X0. Then the
central fibre Ψ˜−1(0) = X˜0∪E, where E = ∪jEj is the union of prime divisors of simple
normal crossings. Let hE be a smooth hermitian metric on the line bundle associated
to E. Let χ˜ = π∗χ. By Kodaira’s lemma, there exists an effective divisor E˜ whose
support coincides with the support of E and a smooth hermitian metric hE˜ equipped
on the line bundle associated to E˜ such that χ˜ǫ = π
∗χ− ǫRic(hE˜) is a Ka¨hler form on
X for all sufficiently small ǫ > 0. Let σE˜ be the defining section of E˜.
Lemma 5.3. For any ǫ > 0, there exists Cǫ > 0 such that on Xt
ϕ˜t ≥ ǫ log |σE˜|2hE˜ − Cǫ,
for all t ∈ B.
Proof. Let σEj be the defining section for Ej and hEj the smooth hermitian metric on
the line bundle associated to Ej such that
χ˜t,ǫ = χ˜t − ǫ
√−1∂∂ logRic(hE˜) + ǫ2δ
√−1∂∂
(
|σEj |2δhEj
)
.
is a Ka¨hler metric on X˜ with conical singularities along Ej for fixed δ > 0 sufficiently
close to 0 and sufficiently small ǫ > 0. Let
ϕ˜t,ǫ = ϕ˜t − ǫ log |σE˜|2hE˜ − ǫ
2δ
√−1∂∂|σEj |2δjhEj .
Then we have for t ∈ B∗,
π∗(dt ∧ dt¯) ∧ (χ˜t,ǫ +
√−1∂∂ϕ˜t,ǫ)n = e
ϕ˜t,ǫ+ǫ log |σE˜ |2h
E˜
+ǫ2
(
|σEj |
2δj
hEj
)
π∗(dt ∧ dt¯ ∧ Ω).
We can now apply the maximum principle to ϕ˜t,ǫ. Suppose ϕ˜t,ǫ achieves its minimum
at pt,ǫ. Then
(5.46) eϕ˜t,ǫ(pt,ǫ) ≥ e−ǫ log |σE˜ |
2
h
E˜
−ǫ2
(
|σEj |
2δj
hEj
)
π∗(dt ∧ dt¯) ∧ (χ˜t,ǫ)n
π∗(dt ∧ dt¯ ∧ Ω)
∣∣∣∣∣
pt,ǫ
.
Without loss of generality, we can assume pt,ǫ lies close to the exceptional locus of π.
By the normal crossing of π, we can assume that near pt,ǫ,
π−1(t) = xz1z2...zm,
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where locally, x, z1, ..., zn are local holomorphic coordinates near p
′ = 0, 1 ≤ m ≤ n
and locally X˜0 is defined by x = 0 and the exceptional divisor E
′
i is defined by zi = 0,
i = 1, ..., m. Then
dt ∧ dt¯ = (z1...zmdx+
m∑
i=1
xz1...zm
zi
dzi) ∧ (z¯1...z¯mdx+
m∑
i=1
x¯z¯1...z¯m
z¯i
dz¯i),
(5.46) locally becomes
eϕ˜t,ǫ(pt,ǫ)
≥ c1
(|z1...zm|2 +
∑m
i=1
|xz1...zm|2
|zi|2 )(|z1|2...|zm|2)−(1−δ)−ǫdx ∧ dx¯ ∧ dz1 ∧ dz¯1 ∧ ... ∧ dzn ∧ dz¯n
dx ∧ dx¯ ∧ dz1 ∧ dz¯1 ∧ ... ∧ dzn ∧ dz¯n
≥ c2
for some fixed c1, c2 > 0 by choosing δ > 0 sufficiently small. The lemma follows after
the above argument over finitely many local neighborhoods.

Lemma 5.4. For k > 0 and any compact set K ⊂⊂ X \((X0)sing ∪ Xsing), there exists
Ck,K such that
||ϕt||Ck(K∩Xt,χt) ≤ Ck,K .
Proof. This lemma can be easily proved by Tsuji’s trick. The standard maximum
principle applied to H = log |σE˜ |2λtrχ˜ǫ(π∗ωt)−Aπ∗ϕt on Xt for sufficiently large λ and
A > 0 shows that ωt is uniformly bounded on K. The higher regularity follows from
standard local estimates. 
Definition 5.1. Suppose KX˜0 = (π0)
∗KX0 +
∑I
i=1 aiEi +
∑J
j=1 bjFj, where Ei and
Fj are all the smooth prime divisors in the exceptional locus of π0 with ai > −1 and
bj = −1 for all i, j.
Slt = (π0)
−1 (∪Ii=1Ei \ ∪Jj=1Fj) , Slc = (π0)−1 ∪Jj=1 Fj , S◦lc = (π0)−1 (∪Jj=1Fj \ ∪Ii=1Ei) .
We remark that the definition of Slt, Slc does not depend on the choice of resolutions.
We eventually want to show that the potential of the Ka¨hler-Einstein current is locally
bounded on Slt and must tend to −∞ near Slc.
Definition 5.2. We define P(X0, χ0) to be the set of all ϕ ∈ PSH(X0, χ0) ∩ C∞((X0)reg)
satisfying: for any ǫ > 0, there exists Cǫ > 0 such that on X˜0,
(π0)
∗ϕ ≥ ǫ log |σE˜ |2hE˜ − Cǫ.
Proposition 5.1. There exists a unique ϕ0 ∈ P(X0, χ0) solving
(5.47) (χ0 +
√−1∂∂ϕ0) = eϕ0Ω0
on (X0)reg. In particular, ϕ0 satisfies the following
(1)
∫
X0
eϕ0Ω0 =
∫
X0
χn0 = (−c1(X0))n,
(2) ϕ0 tends to −∞ near S◦lc.
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Proof. The existence follows immediately from Lemma 5.3 and Lemma 5.4 by taking
a convergent subsequence of ϕt for ∈ B∗. By the results of Berman and Guenancia [2],
there exists a unique solution ϕ′0 satisfying
(χ0 +
√−1∂∂ϕ′0)n = eϕ
′
0Ω0,
∫
X0
eϕ
′
0Ω0 = (−c1(X0))n.
We would like to show that ϕ0 = ϕ
′
0 By the stability results in [2] (Theorem 3.4), for
any ǫ > 0, there exists an approximating solution ϕ′0,ǫ ∈ P(X0, χ0) solving
(χ0 +
√−1∂∂ϕ′0,ǫ)n = e(1−ǫ)ϕ
′
0,ǫΩ0,
∫
X0
e(1−ǫ)ϕ
′
0,ǫΩ0 = (−c1(X))n, ϕ′0,ǫ → ϕ′0.
The fact that ϕ′0,ǫ ∈ P(X0, χ0) follows from the maximum with barrier functions and
similar argument in the proof of Lemma 5.3 after regularizing Ω0.
We claim that ϕ0 ≥ ϕ′0. Let ψǫ = ϕ0 − (1− ǫ)ϕ′0,ǫ − ǫ2 log |sE˜ |2hE˜ . Then(
(1− ǫ)(χ0 +
√−1∂∂ϕ′0,ǫ) + ǫχ0 − ǫ2Ric(hE˜) +
√−1∂∂ψǫ
)n
(χ0 +
√−1∂∂ϕ′0,ǫ)n
= e
ψǫ+ǫ2 log |sE˜ |2h
E˜ .
Since ψǫ ∈ C∞(X0 \ E˜), we can apply the maximum principle and we have
ψǫ ≥ logn(1− ǫ)− ǫ2 sup
X0
log |sE˜ |2hE˜ .
Then our claim follows by letting ǫ → 0. One can similarly show that ϕ0 ≤ ϕ′0 by
replacing ǫ by −ǫ.
Once ϕ0 = ϕ
′
0,
∫
X0
eϕ0Ω0 = (−c1(X))n and ϕ0 must tends to −∞ near S◦lc by
Berndttson’s result (Lemma 2.7, [2]).

The uniqueness in Proposition 5.1 immediately implies the following corollary.
Corollary 5.2. gt converges to g0 smoothly on any compact subset of (X0)reg, as t→ 0.
5.2. Local L2-estimates and separation of points. We choose a fixed point p0 ∈
(X0)reg and choose pt ∈ Xt, t ∈ B∗, converges to p0 in (X , χ), as t→ 0.
Proposition 5.2. After passing to a subsequence, (Xt, pt, gt) converges in Gromov-
Hausdorff topology to a metric lengths space (X∞, d∞) satisfying
(1) X∞ = R∪ S, where R and S are the regular and singular part of X∞.
(2) R is open and S is closed with Hausdorff dimension no greater than 2n− 4.
(3) (X0)reg is an open dense set in R.
Proof. From the smooth convergence of gt to g0 in an open neighborhood of p0, there
exist ǫ0 > 0 and r0 > 0 such that
V olgt(Bgt(pt, r0) ≥ ǫ0.
Then Cheeger-Colding theory immediately implies the pointed Gromov-Hausdorff con-
vergence and (1) and (2). Also from the smooth convergence of gt to g0 on (X0)reg,
(X0)reg is an open set of X∞. By the pointed Gromov-Hausdorff convergence, the
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Hausdorff volume measure of (X∞, d∞) is equal to (−c1(X0))n since [KXt ]n is invariant
in t. On the other hand, from Proposition 5.1,∫
(X0)reg
dVg0 =
∫
(X0)reg
e−ϕ0Ω0 = (−c1(X0))n,
therefore (X0)reg) must be dense in (X∞, d∞).

The following proposition can be proved by similar arguments in Proposition 4.4 as
local L2-estimates from Tian’s proposal for the partial C0-estimates.
Proposition 5.3. For any R > 0, there exists KR > 0 such that if s ∈ H0(Xt, (KXt)k)
for k ≥ 1 with t ∈ B∗, then
(5.48) ‖s‖L∞,♯(Bgt (pt,R)) ≤ KR‖s‖L2,♯(Bgt (pt,2R))
(5.49) ‖∇s‖L∞,♯(Bgt (pt,R)) ≤ KR‖s‖L2,♯(Bgt (pt,2R)).
The following L2-estimate is standard for Ka¨hler-Einstein manifolds.
Proposition 5.4. For k ∈ Z+, any t ∈ B∗ and any smooth (KXt)k-valued (0, 1)-form
τ satisfying ∂τ = 0, there exists an (KXt)
k-valued section u such that ∂u = τ and∫
Xt
|u|2(ht)k dVgt ≤
1
2π
∫
Xt
|τ |2(ht)k dVgt,
where gt ∈ −c1(Xt) is the Ka¨hler-Einstein metric on Xt and ht is the hermitian metric
on KXt with Ric(ht) = gt.
Lemma 5.5. Let {σ(k)j }dkj=0 be a basis of H0(X , (KX/B)k). Then for any R > 0, there
exists CR > 0 such that for all j = 0, ..., dk,
(5.50)
∫
Bt(R)
∣∣∣∣σ(k)j
∣∣∣
Xt
∣∣∣∣
2
hkt
dVgt ≤ CR.
Proof. The Ka¨hler-Einstein hermitian metric is given by ht = (e
ϕtΩt)
−1. There exists
C1 > 0 such that (
dk∑
j=0
|σ(k)j |2
)1/k
≤ CΩt
since Ωt is induced by a basis of holomorphic sections of certain power of KX/B. Also
there exists C2 > 0 such that
sup
Bgt (pt,R)
|ϕt| ≤ C2
by Corollary 5.1 and Lemma 5.2. Therefore∫
Bgt (pt,R)
∣∣∣∣σ(k)j
∣∣∣
Xt
∣∣∣∣
2
hkt
dVgt ≤ (C1)kekC2
∫
Xt
dVgt ≤ (C1)kekC2(−c1(Xt))n.

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Lemma 5.6. Let {σ(k)j }dkj=0 be a basis of H0(X , (KX/B)k). Then {σ(k)j |Xt}dkj=0 con-
verges to linearly independent holomorphic sections {σ(k)0,j }dkj=0 in H0(X∞, (KX∞)k). In
particular, the convergence is smooth in R and σ(k)0,j extends continuously from R to
X∞.
Proof. The convergence follows from Corollary 5.2, Proposition 5.2 and Proposition 5.3
as well as the smooth convergence of gt on (X0)reg. The continuous extension follows
from Proposition 5.3.

Lemma 5.7. For any R > 0 and k ∈ F(X0, KX0), there exists ǫR > 0 such that
inf
Bd∞(p0,R)
dk+1∑
j=1
|σ(k)0,j |2hk
∞
≥ ǫR.
Proof. Since k ∈ F(X0, KX0), there exists C > 0 such that on Xreg,(
dk+1∑
j=1
|σ(k)0,j |2
)1/k
≥ cΩ0.
Also ϕ0 is uniformly bounded on Bd∞(p0, R). Therefore the lemma follows because
(X0)reg is dense in X∞. 
We can now define the map
Φ : X∞ → X0 ⊂ CPdk
using the global basis {σ(k,0)j }dk+1j=1 on X∞. Since KX0 is semi-ample, the map Φ is
stabilized on (X0)reg for sufficiently large k ∈ F(X0, KX0) and so, Φ|(X0)reg = id.
Therefore, Φ is the unique continuous extension of the identity map on (X0)reg to
(X∞, d∞) and immediately we have the following corollary from Proposition 5.3.
Corollary 5.3. Φ is a Lipschtiz map from (X∞, d∞) to (X0, χ0).
The following proposition is the main result of this section.
Proposition 5.5. Φ is injective.
Proof. The proof proceeds by exactly the same argument of Donaldson-Sun [16] by
applying the stability of the H-condition. The only difference is that we have to work
locally on enlarging balls Bt(R) and let R → ∞. We do not need to raise a uniform
bound on the power of KX∞ because Φ is stabilized and is the unique extension of the
identity map on (X0)reg.

5.3. Proof of Theorem 1.3.
Lemma 5.8. Suppose diamd∞(X∞) = ∞. Then X0 \ Φ(X∞) is not empty and for
any sequence of points qj ∈ X∞ with limj→∞ dχ(Φ(qj), P ) = 0 for some point P ∈
X0 \ Φ(X∞),
d∞(p∞, qj)→∞
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as j →∞.
Proof. One can apply the same argument in the proof of Lemma 4.8. Notice that g0
is bounded below by χ0 on any fixed geodesic ball of (X∞, d∞) because of the bound
on ϕ0 in Lemma 5.2.

Lemma 5.9. S◦lc ∩ Φ(X∞) = φ
Proof. We prove by contradiction. Suppose Q ∈ S◦lc ∩ Φ(X∞). Then there exists
q ∈ X∞ with Φ(q) = Q and there exist a sequence qj ∈ (X0)reg such that d∞(qj , q)→ 0
because (X0)reg is dense inX∞. Therefore there exists R > 0 such that qj ∈ Bd∞(p0, R)
and so there exists C > 0 such that for all j,
|ϕ0(qj)| ≤ C.
This leads to contradiction since ϕ0 tends to −∞ near S◦lc by Proposition 5.1.

Proposition 5.6. For any point Q ∈ Slt, there exists a sequence of points qj ∈ (X∞)reg
satisfying
(1) dχ(Φ(qj), Q)→ 0,
(2) there exists C > 0 such that for all j
d∞(p0, qj) ≤ C.
Proof. The proof is slightly more complicated than that of Corollary 4.4 and estimates
in section 4.5 because X0 might have singularities worse than canonical singularities,
and so one cannot approximate the Ka¨hler-Einstein current by smooth Ka¨hler metrics
with Ricci curvature uniformly bounded below as in Lemma 4.9. Our strategy is to
keep the pole singularities along Slt and obtain the approximating Ka¨hler metrics with
conical singularities.
For any point q ∈ Slt, we may assume q in the regular part of the exceptional divisor
in a smooth model Z of X0 after a log resolution. Then we blow up q by πZ : X
′ → Z
and let π′ : X ′ → X0. Let E = π−1Z (q). We consider the following equation on X ′.
Let D be the proper transform of the divisor of where q lies in Z and sD, sE be the
defining section of D and E. We can assume the discrepancy of D is α ∈ (−1, 0).
There exist smooth hermitian metric hE and hD on the line bundles associated to [E]
and [D] such that
(5.51) (χ′ + ǫω′ +
√−1∂∂ϕǫ)n = eϕǫ(|sE|2(n−1)hE + ǫ)|sE |
−2(n−1)
hE
Ω′0,
where χ′ = (π′)∗χ0, Ω′ = (π′)∗Ω0 and ω′ is a smooth Ka¨hler metric on X ′. By standard
regularization, one can show that ϕǫ is smooth on (π
′)−1((X0)reg) and for any δ > 0,
there exists Cδ > 0 such that
(5.52) ϕǫ ≥ δ log |sexc|2hexc − Cδ,
where sexc is a holomorphic section vanishing along all the exceptional locus of π
′ and
hexc is a smooth hermitian metric. We pick a smooth point q
′ ∈ E \D. Then locally
near q′, ωǫ = χ′ + ǫω′ +
√−1∂∂ϕǫ is equivalent to a standard conical Ka¨hler metric
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with conical singularities of angle 2π(1−α) along D by applying the argument for the
second order estimate in [19, 12]. Also we note that
Ric(ωǫ) ≥ −ωǫ + Aω′
for some uniform constant A > 0 for all ǫ > 0. The rest of the proof follows by the
same argument in section 4.5. The only difference is that ϕǫ satisfies (5.52) instead of
being uniformly bounded, however, it does not affect the argument by adding barrier
functions with arbitrarily small log poles.

Now we can prove Theorem 1.3.
Theorem 5.1. (X∞, d∞) is either a metric length space homeomorphic to the quasi-
projective variety (X0 \Slc, χ0) if Slc 6= φ or a compact metric length space homeomor-
phic to the projective variety (X0, χ0) if Slc = φ. In particular,
(X0)reg = (X∞)reg.
Proof. If Slc = φ, then by the same argument in section 4.5 with Lemma 5.8 and
Proposition 5.6, Φ(X∞) = X0 and so Φ is bijection and hence homeomorphism. If
Slc 6= φ, then by Lemma 5.8 and Proposition 5.6,
Slt ⊂ Φ(X∞).
It now suffices to show that
(Slc \ S◦lc) ∩ Φ(X∞) = φ
by Lemma 5.9. But this must be true since Φ(X∞) is open in (X0, χ0).

Theorem 1.3 immediately implies the following corollary.
Corollary 5.4. ϕ0 ∈ L∞loc(X0 \ Slc) and ϕ0 tends to −∞ along Slc. Furthermore, if
X0 is log terminal, then there exists C > 0 such that for all t ∈ B,
||ϕt||L∞(Xt) ≤ C.
5.4. Generalizations and conjectures. The moduli space of canonically polarized
varieties is a central problem in both algebraic geometry and complex geometry. Re-
cently, the compactification of semi-log canonical models is derived (c.f. [23, 20]).
Theorem 1.3 deals with a special degeneration with the central fibre being a reduced
and irreducible canonical model with log canonical singularities. The proof of Theorem
1.3 should be generalized to much general cases when the central fibre has multiple
fibres with semi-log canonical singularities. Using algebraic structures of such a com-
pactification, one would like to prove the following statement.
Conjecture 5.1. If the central fibre of the flat degeneration of smooth canonical models
is semi-log canonical, then each component of the central fibre is a pointed Gromov-
Hausdorff limit of near by Ka¨hler-Einstein manifolds. In particular, the pointed Gromov-
Hausdorff limit is homeomorphic to the quasi-projective variety induced by a component
of the central fibre.
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The existence and uniqueness of the Ka¨hler-Einstein current is derived by Berman
and Guenancia [2]. We hope our approach can be applied to prove the above conjec-
ture and we will describe the problem and technical details in the sequel paper. In
particular, one should be able to establish the relation that boundedness of the local
potential is equivalent to the bounded of the distance from a fixed base point. The
confirmation of the above conjecture should establish the general principle that
the algebraic moduli space is equivalent to the Ka¨hler-Einstein moduli space
and so are their algebraic and geometric compactifications. A more interesting and
deeper approach would be the following differential geometric conjecture.
Conjecture 5.2. Let C(n, V ) be the set of all canonically polarized n-dimensional
manifolds with cn1 ≤ V . Then for any Ka¨hler-Einstein sequence (Xj , gj) in C(n, V )
with Ric(gj) = −gj, after passing to a subsequence, they converge to a singular Ka¨hler-
Einstein metric length space homeomorphic to either a projective or quasi-projective
variety in pointed Gromov-Hausdorff topology.
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